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Noncommutative Iwasawa theory is the state-of-the-art instrument to explore
the mysterious link between special values of L-functions and cohomological data
attached to varieties over number fields. Currently, the most general conjectural de-
scription of this connection is given by T. Fukaya and K. Kato in [FK06]. It covers
class number formulas, the classical Iwasawa main conjecture, as well as the Birch
and Swinnerton-Dyer conjecture. In this thesis, we state and prove an analogue
of the `-adic part of this conjecture for varieties over finite fields. Moreover, we
explain how this statement can be reinterpreted in terms of Waldhausen K-theory.
This introduction is structured as follows. In Section 1.1, we will give a brief
survey on the conjecture of T. Fukaya and K. Kato and related conjectures. In Sec-
tion 1.2 we will motivate the connection with Waldhausen K-theory. Section 1.3
contains a summary of the results known in the case of varieties over finite fields.
Finally, we give a detailed overview over the central results of this thesis in Sec-
tion 1.4.
1.1. Conjectures on Special Values of L-Functions
The main objective of arithmetic geometry is to study systems of polynomial
equations with coefficients in number fields or finite fields – for example, an elliptic
curve E over the rational numbers, defined by a polynomial equation like
E : Y 2 = (X − 1)X(X + 1).
One is especially interested in those solutions that have coordinates in the coefficient
field or in a finite extension of it. Due to the enormous flexibility of the modern
language of algebraic geometry it is possible to view these sets of solutions as
geometric objects, namely as varieties or schemes.
One way to study the arithmetical and geometric behaviour of these varieties is
to encode the information in certain generating functions, the so-called L-functions.
The most celebrated example of such a function is certainly the Riemann zeta








if the real part of s exceeds 1. The Riemann zeta function can be continued to a
















The same properties are expected to be satisfied by all arithmetically relevant L-
functions. In particular, one can study the special values of the L-functions, i. e.
the leading terms of the Laurent expansions at integral places. These values turn
out to be quite interesting in many respects.
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Another important tool for the arithmetic geometer is cohomology theory. For
example, one can view the elliptic curve E as a Riemann surface and then study
its de Rham or singular cohomology. There also exist some more fancy ways to
associate cohomology groups to varieties. Among those, `-adic and crystalline co-
homology play an important role. One can then assign various numerical invariants
to the cohomology groups, for example by taking the so-called Euler characteristic,
i. e. the alternating product of the orders of the cohomology groups.
These numerical invariants are intimately related to the special values of L-
functions. It is this mysterious relation that is lurking behind many important
theorems and conjectures in number theory, such as the class number formula, the
Beilinson conjecture, as well as the celebrated Birch and Swinnerton-Dyer conjec-
ture, which is listed as one of the seven millennium prize problems selected by the
Clay Mathematical Institute [CJW06].
In the number field case, all of these assertions can be compiled into a single
master conjecture, the Tamagawa number conjecture of S. Bloch and K. Kato
[BK90]. Besides giving a description of the special values in terms of numerical
invariants associated to the various cohomology theories, it also links the functional
equation to duality properties of those cohomology theories. Good introductions
to the precise formulation of this conjecture are J.-M. Fontaine’s Bourbaki talk
[Fon92] and K. Kato’s lectures in Trento [Kat93b].
It was K. Kato’s fundamental insight that the `-adic part of the Tamagawa
number conjecture is tightly related to the main conjecture of Iwasawa theory
[Kat93a]. Similar considerations were simultaneously carried out by B. Perrin-
Riou in her extensive studies of `-adic L-functions. The `-adic L-functions are
`-adically analytic functions that interpolate the special values of the complex-
analytic L-functions considered above. The main conjecture in its classical form
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over a number field K in terms of these `-adic L-functions. However, properly
formulated, the main conjecture can also be seen as an asymptotic version of the
Tamagawa number conjecture.
This insight made it possible to verify some first special cases of the Tamagawa
number conjecture. In [HK03], A. Huber and G. Kings treated the case of L-
functions associated to Dirichlet characters. At about the same time, D. Burns
and C. Greither proved a similar, equivariant result [BG03]. In both papers, the
essential ingredient is the classical Iwasawa main conjecture for Abelian number
fields, which was proved earlier by B. Mazur and A. Wiles [MW86]. An analogue
of this main conjecture also plays a key role in the substantial work [Kat04] of
K. Kato on the case of L-functions associated to modular forms, which is relevant
for the Birch and Swinnerton-Dyer conjecture.
In [BF01], D. Burns and M. Flach introduced an equivariant refinement of the
Tamagawa number conjecture. It compares suitably defined equivariant L-functions
with invariants obtained from the cohomology groups considered as modules over
the group ring with respect to a finite Galois extension of the base field. In general,
these group rings will be noncommutative. A major step within the formulation
was the introduction of K-theory in order to deal with the noncommutative setting.
In particular, the cohomological invariants are considered as elements of certain
relative K0-groups.
A central aim of noncommutative Iwasawa theory is to find and prove a suitable
noncommutative version of the Iwasawa main conjecture that corresponds to the
equivariant Tamagawa number conjecture. It was first and foremost J. Coates
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who promoted its development, with the proof of the Birch and Swinnerton-Dyer
conjecture as the primary goal. The formulation of the GL2 main conjecture for
elliptic curves by him and his collaborators T. Fukaya, K. Kato, R. Sujatha, and
O. Venjakob [CFK+05] is an important milestone in this direction. Furthermore,
J. Ritter and A. Weiss proposed and investigated a noncommutative Iwasawa main
conjecture for number fields in the series of papers [RW02], [RW04], [RW06],
and [RW05].
It is now widely believed that both the equivariant formulation and the reduc-
tion to a noncommutative analogue of the Iwasawa main conjecture are crucial steps
towards a full proof of the Tamagawa number conjecture. Especially important in
this respect is the so-called twist-invariance property of the prospective main con-
jecture that should make it possible to reduce the full Tamagawa number conjecture
to the case of equivariant class number formulas. A corresponding program was
outlined in the ICM talk of A. Huber and G. Kings in Beijing [HK02].
These ideas were taken up and extended by T. Fukaya and K. Kato in [FK06].
The central conjecture of this paper may be viewed as a common generalisation
of both the Iwasawa main conjecture and the equivariant Tamagawa number con-
jecture. Moreover, it incorporates the twist-invariance phenomenon as a natural
constituent into the overall formalism. We refer to [Ven05] for a valuable survey
that also explains the link with the GL2 main conjecture.
Up to now, there exist only sporadic results in truly noncommutative settings
that may be counted as evidence for the equivariant conjecture, see e. g. [BF03],
[Bre04], and [Nav06]. It goes without saying that despite the exciting new insights
of the recent years, a general proof of the conjecture is still out of sight and all
progress is barred by enormous technical challenges.
However, some evidence for the conjecture can be obtained by turning to the
analogical, but technically much less demanding case of varieties over finite fields.
This thesis is devoted to the task of transferring the conjecture of T. Fukaya and
K. Kato into this setting and of providing the details of its proof. Some of the
results and new insights that we acquire there can be translated back into the
number field case, others may serve as a source of intuition. Last but not least, we
also deem them to be interesting in their own right.
1.2. From Tamagawa Measures to Waldhausen K-Theory
The original Tamagawa number conjecture [BK90] was formulated in terms
of a certain Tamagawa measure, in analogy to A. Weil’s conjecture on Tamagawa
numbers for semi-simple algebraic groups. To establish the connection with Iwasawa
theory it proved to be more useful to replace the use of measures by the language
of determinant modules [Kat93a].
The theory of determinant modules had been developed by F. Knudsen and
D. Mumford in [KM76]. If R is a commutative ring, then one can associate to
each finitely generated, projective R-module P an invertible module detP , which
is locally given by the highest exterior power of P . This assignment can be extended








The Tamagawa measure in the original formulation then corresponds to the exis-
tence of a canonical isomorphism
Z` → det R Γc(Z[1/S], T`(k))
for each prime `, where R Γc(Z[1/S], T`(k)) denotes K. Kato’s compact cohomology.
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As the definition for exterior powers cannot be extended to noncommutative
rings, the construction of F. Knudsen and D. Mumford does only work in the
commutative case. However, P. Deligne developed in [Del87] a more abstract
approach that works for all rings R. He introduces a monoidal tensor category
V(R) with a unit object 1R in which every morphism is an isomorphism. This
category, which he calls the category of virtual objects, has the property that the
isomorphism class of objects is given by the zeroth K-group K0(R) of R, while the
automorphisms of 1R are given by the first K-group K1(R). It comes together with
a functor
det : {perfect complexes of R-modules and quasi-isomorphisms} → V(R).
This determinant functor was an essential ingredient for the extension of the Tam-
agawa number conjecture to noncommutative coefficients in [BF01].
There exists yet a different perspective on the topic of virtual objects. It was
D. Quillen who first showed that we may continue the sequence of K-groups in a
sensible way. He defined a Kn(R) for every n ≥ 0 as the n-th homotopy group of
a certain topological space K(R). Using F. Waldhausen’s approach to K-theory,
the space K(R) may be constructed on the basis of the category P(R) of bounded
complexes of finitely generated, projective R-modules.
If one is only interested in K1(R) and K0(R), one may replace K(R) by its
1-type, i. e by a topological space P1(K(R)) with
πi(P1(K(R))) =
{
πi(K(R)) for i = 0, 1;
0 for i > 1.
As P. Deligne has already pointed out, the category of virtual objects is in fact
a categorical model for the topological space P1(K(R)). (Recently, F. Muro and
A. Tonks constructed another, algebraic model for this space [MT07]. We prefer to
work with their model, since its construction is simpler than P. Deligne’s approach.)
This point of view raises at once the question wether the central conjecture
of T. Fukaya and K. Kato in [FK06] can be extended to the full K-theory space.
Below, we will sketch roughly for the `-adic part how this extension might look like.
We claim that to each open dense subscheme X of Spec Z[1/`] and each suitable
coefficient ring R one can associate a category PDG(X,R) of what may be called
perfect complexes of sheaves of R-modules on X. The category PDG(X,R) comes
equipped with the structure of a Waldhausen category such that one can construct
its K-theory space K(PDG(X,R)). The objects of PDG(X,R) may be identified
with points of K(PDG(X,R)). Furthermore, we need a Waldhausen exact functor
R Γc(X,−) : PDG(X,R)→ P(R)
that corresponds to K. Kato’s compact cohomology in the derived category. By
F. Waldhausen’s construction, this functor gives rise to a continuous map
K R Γc(X,−) : K(PDG(X,R))→ K(R).








for each admissible coefficient ring R. Moreover, the homotopies zR are required to
be compatible under changes of the coefficient ring R. The relation to the special
values of L-functions is then given via the real part of the Tamagawa number
conjecture and the `-adic period-regulator isomorphism. The original conjecture
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of T. Fukaya and K. Kato corresponds to the restriction of this statement to the
1-types of the involved K-theory spaces.
Note that the categories PDG(X,R) and P(R) are not derived categories, but
categories with true morphisms of complexes. Although the homotopy type of the
K-theory space depends essentially only on the corresponding derived categories,
it seems impossible to construct K-theory on this basis. This is already an issue if
one restricts the 1-type of the K-theory space. We recall in this context that the
determinant functor is multiplicative on short exact sequences of complexes, but
not on arbitrary distinguished triangles in the derived category.
We will not investigate the number field case any further in this thesis. Instead,
we will now turn our attention to the case of varieties over finite fields.
1.3. Varieties over Finite Fields
The story of L-functions in the context of varieties over finite fields begins with
A. Weil’s landmark paper [Wei49] in which he states his famous conjectures.
Let X be a variety of dimension n over a finite field F with q elements and let
Nv be the number of rational points of X over the extension Fv of F of degree v.
Consider the function








By a change of variable, we obtain the Hasse-Weil zeta function
ζX(s) = Z(X, q−s).
Like the Riemann zeta function, this function satisfies an Euler product formula if









where the product ranges over the closed points of X and N(x) is the number of
elements in the residue field of x.
When X is smooth and projective, the Weil conjectures state that Z(X, t) is a










where χ is the Euler characteristic of X. Furthermore, the Weil conjectures also
give a description of the zeros and poles of Z(X, t) in analogy to the Riemann
hypothesis.
The Weil conjectures initiated the development of étale cohomology by A. Gro-
thendieck and his collaborators in the course of the famous Séminaire de Geometrie
Algebrique [AGV72a], [AGV72b], [AGV72c], [Del77], [Gro77]. This finally led
to a proof of the rationality conjecture and the functional equation. (However, it
was predated by B. Dwork’s proof of the rationality conjecture in [Dwo60].) More






, ` - q
relates the zeta function to the alternating product of the characteristic polynomials
of the geometric Frobenius FF acting on the `-adic cohomology with proper support
of the base change X of X with respect to the algebraic closure of F. The functional
equation follows from this formula and the duality properties of étale cohomology. A
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bit later, P. Deligne succeeded in establishing the more difficult Riemann hypothesis
[Del74] as well as a vast generalisation of it [Del80].
In their article [BN78], P. Báyer and J. Neukirch deduce from the Grothendieck
trace formula the following expression of the special values of ζX(t) in terms of `-
adic cohomology. For any prime `, we let |·|` denote the `-adic absolute value
normalised by |`|` =
1
` . Furthermore, we let Z`(k) denote the k-th Tate twist of
the `-adic sheaf Z`.
Theorem 1 (Báyer, Neukirch). Assume ` - q. Let k be an integer such that






Under the assumption of the semisimplicity conjecture, P. Schneider also ob-
tained expressions for the remaining special values of ζX(t) [Sch82a] and J. Milne
treated the case ` | q in [Mil86]. Further aspects and extensions are discussed in
[Mil88], [Lic05],[Kah97], [Gei04], and [Gei06]. The Tamagawa number conjec-
ture predicts similar formulas for number fields; however, due to the presence of
transcendental terms and other complications, their precise statement is a bit more
involved.
In [Bur04], D. Burns proves a full analogue of the equivariant Tamagawa
number conjecture – as formulated in [BF01] – for the leading term in 0 of the
equivariant zeta function of a curve over a finite field. The minor restriction in the
case ` | q was announced to be lifted in [Bur07]. The article [FK06], in which
T. Fukaya and K. Kato formulate their generalised version of the Tamagawa number
conjecture, also contains some brief comments on this geometric case.
1.4. The Main Results
At the end of Section 1.2 we have sketched a program how to rephrase the
central conjecture of T. Fukaya and K. Kato using Waldhausen K-theory. In this
thesis, we will carry out a large part of this program for the geometric analogue of
the conjecture.





For example, the group ring Z`[G] for any finite group G is an adic ring. More
generally, this is also true for the Iwasawa algebra of any compact `-adic Lie group.
Let X be a separated scheme of finite type over a finite field F of characteristic
p and Λ an adic ring. We will define a Waldhausen category PDGcont(X,Λ) of
perfect complexes of Λ-adic sheaves. For these categories, we will construct the
following Waldhausen exact functors:
(1) for a morphism f : X → Y a functor
Rf! : PDGcont(X,Λ)→ PDGcont(Y,Λ)
(total higher direct image with proper support),
(2) for a projective Λ′-Λ-bimodule M a functor
ΨM : PDGcont(X,Λ)→ PDGcont(Y,Λ′)
(change of the coefficient ring),
(3) a functor
RΓc(X,−) : PDGcont(X,Λ)→ P(Λ)
(cohomology with proper support).
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These functors give rise to continuous maps between the K-theory spaces. For
example, RΓc(X,−) induces a map
KRΓc(X,−) : KPDGcont(X,Λ)→ KP(Λ).
Moreover, we will construct various (chains of) canonical quasi-isomorphisms
between compositions of these functors, such as
t : ΨMRΓc(X,−)
∼−→ RΓc(X,ΨM (−))
for any projective Λ′-Λ-bimodule M and
c : RΓc(X,−)
∼−→ RΓc(Y,Rf!−)
for any morphism of schemes f : X → Y . These quasi-isomorphisms induce canon-
ical homotopies
K(t) : KΨMRΓc(X,−)⇒ KRΓc(X,ΨM (−)),
K(c) : KRΓc(X,−)⇒ KRΓc(Y,Rf!−)
on the level of the K-theory spaces.
The relation to special values of L-functions is much simpler than in the number
field case. If S ⊂ Λ is a left denominator set and F• is a complex in PDGcont(X,Λ)
such that S−1RΓ(X,F•) is acyclic, we will define the special value
L(F•, 1) ∈ K1(S−1Λ)
of the L-function of F •. In the case Λ = Z` and S−1Λ = Q` this value coincides
with the value of the classical L-function under the natural identification
K1(Q`) = Q×` .
The central conjecture for the whole K-theory space then takes the following
tentative form:








for each adic ring Λ with p ∈ Λ× and each separated scheme X. This system
satisfies the following properties:
(1) The homotopies zX,Λ are compatible under ring changes:
KΨM (zX,Λ) = zX,Λ′(KΨM ) ◦K(t)
for any projective Λ′-Λ-bimodule M .
(2) The homotopies zX,Λ are compatible under morphisms f : X → Y :
zX,Λ = zY,Λ(K(Rf!)) ◦K(c).
(3) The homotopies zX,Λ are related to the special values of L-functions: If S
is a left denominator set in Λ and F• is a complex in PDGcont(X,Λ) such
that S−1RΓc(X,F•) is acyclic, then the composition of the path zX,Λ(F•)
with the path associated to 0 ∼−→ S−1RΓc(X,F•) defines a loop class in
K1(S−1Λ). This class coincides with L(F•, 1).
In this thesis, we prove:
Theorem 3. Conjecture 2 is true for the algebraic model of the 1-type of the
K-theory spaces. Moreover, the system of homotopies zX,Λ is uniquely determined
by the properties (1)–(3) in this situation.
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for each adic ring Λ with p ∈ Λ× and each separated scheme X.
Moreover, we deduce the following noncommutative generalisation of Theo-
rem 1 in the spirit of [BF01]. For any left denominator set S ⊂ Λ we may consider
the exact sequence of relative K-theory
· · · → K1(Λ)→ K1(S−1Λ)
d−→ K0(Λ, S−1Λ)→ · · ·





Theorem 5. Assume that F• is a complex in PDGcont(X,Λ) such that the
complex S−1RΓc(X,F•) is acyclic. Then
dL(F•, 1) = [RΓc(X,F•)]−1 ∈ K0(Λ, S−1Λ).
Theorem 1 corresponds to the choice F• = Z`(k) in PDGcont(X,Z`).
We will now give a brief overview over the content of the different chapters. In
Chapter 2 we recall F. Muro’s and A. Tonk’s construction of the algebraic model
for the 1-type of the K-theory space. We also explain its relation to P. Deligne’s
category of virtual objects.
Chapter 3 contains some generalities on homological algebra in the context
of Waldhausen categories. It provides the tool set that we need to carry out the
construction of the categories PDGcont(X,Λ).
The construction of PDGcont(X,Λ) and the Waldhausen exact model of the
total derived functor of higher direct images with proper support will be first carried
out in the case of finite rings Λ. This is the content of Chapter 4.
In Chapter 5 we extend this construction to general adic rings. The chapter
also contains a result that might be considered as a generalisation of the twist
invariance property of the Iwasawa main conjecture.
The final Chapter 6 contains the definition of the special values L(F•, 1) and
the proof of the above stated theorems. Essentially, everything boils down to es-
tablishing the exact sequence
RΓc(X,−) // // RΓc(X,−)
id−FF// // RΓc(X,−) ,
where RΓc(X,−) denotes a Waldhausen exact model for cohomology with proper
support over the base change X of X with respect to the algebraic closure of F.
The proof of the uniqueness of zX,Λ in Theorem 3 uses the twist invariance result
of the previous chapter.
There are several questions that we leave unanswered. A central task for the
future is to give a proof of Conjecture 2 for the full K-theory space and to find the
precise conditions that will uniquely determine the system of homotopies zX,Λ in
this case. These conditions should correspond to invariants in the higher algebraic
K-groups beyond K1. If these invariants turn out to be nonzero, they might have
an interesting number-theoretic interpretation.
Furthermore, we exclude the case ` = p in which the special values of the zeta
function of the variety X display a different behaviour. Hence, another task is
to generalise the formula obtained in [Mil86] for Zp(n) to the noncommutative
setting.
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In [FK06], T. Fukaya and K. Kato also formulate a version of the local Tam-
agawa number conjecture, which is linked to the functional equation. Moreover,
the full conjecture also establishes a connection to motivic cohomology. These as-
pects have been omitted in this thesis, but the results in [Bur04] for the curve case
provide a solid ground to build upon.
Our conjecture does not give a satisfying explanation of the special values at
places where the L-functions have poles or zeros. We believe that the formulas for
those values given in [Sch82a] and [Mil86] can be translated into our language,
but fall short of giving the details. Instead, we refer to [BV06] for a promising
approach to this question.

CHAPTER 2
The Algebraic 1-Type of a Waldhausen Category
The higher algebraic K-groups of an exact category or, more generally, of a
Waldhausen category are defined as the homotopy groups of an infinite loop space
X that reflects the structure of the underlying category.
We are mainly interested in the part of the space that contributes to the groups
K0 and K1. This part corresponds precisely to the 1-type of X, i. e. the space P 1(X)
obtained from X by killing all homotopy groups πn(X) for n > 1.
The homotopy category of 1-types of infinite loop spaces (or connective spectra)
is known to be equivalent to the homotopy categories of various algebraic model
categories, including the categories of stable crossed modules, stable 2-modules,
and stable quadratic modules as well as the category of categorical groups or of
strict categorical groups.
Inspired by the work [KM76] of F. Knudsen and D. Mumford on determinant
functors, P. Deligne constructed in the article [Del87] a categorical group that
models the 1-type of the K-theory space of an exact category. (In fact, the same
construction works for Waldhausen categories as well.) He calls it the category
of virtual objects. The notion of virtual objects was subsequently used in the
formulation of the equivariant Tamagawa number conjecture for non-commutative
coefficients [BF01] and in much of the later work influenced by this publication.
In their recent paper [MT07], F. Muro and A. Tonks define a stable quadratic
module D∗W that models the 1-type of the Waldhausen category W. This model
has the advantage of being considerably more explicit than P. Deligne’s category
of virtual objects.
In this chapter, we will review the construction of D∗W. We will also consider
the corresponding object D′∗W in the category of stable 2-modules. In Section 2.3,
we will discuss the precise relation of these two objects with P. Deligne’s category
of virtual objects and with the associated universal determinant functor.
Finally, in Section 2.4, we turn the screw by another twist and construct a stable
2-module of morphisms Hom∗(D′∗W,M∗) into any stable 2-module M∗ together
with a natural transformation
D′∗Fun(W1,W2)→ Hom∗(D′∗W1,D′∗W2),
with Fun(W1,W2) denoting the category of Waldhausen exact functors from W1
to W2. This construction, with the appropriate Waldhausen categories, will serve
as the basis for the formulation of our results in Chapter 6.
Finally, we mention that there are yet two other approaches to the topic. In
[Bre06], M. Breuning constructs a Picard category in the spirit of [Del87] for
triangulated categories. However, note that if the triangulated category T has an
underlying model W which is a Waldhausen category, then in general, the group
K1(T) defined in loc. cit. does not agree with K1(W).
In [FK06], T. Fukaya and K. Kato sketch a simplified construction of a category
of virtual objects for the category of finitely generated projective modules over a
ring. Unfortunately, some details in this construction are omitted and it is not
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obvious that one can define a sensible composition for its morphisms such that one
obtains a Picard category with the desired properties.
2.1. Preliminaries
We briefly recall the definitions of Waldhausen categories. For further details,
we refer to [Wal85] and [TT90].
Definition 2.1.1. A Waldhausen category W is a category with a zero ob-
ject ∗, together with two subcategories co(W) (cofibrations) and w(W) (weak
equivalences) subject to the following set of axioms.
(1) Any isomorphism in W is a morphism in co(W) and w(W).
(2) For every object A in W, the unique map ∗ → A is in co(W).
(3) If A→ B is a map in co(W) and A→ C is a map in W, then the pushout
B ∪A C exists and the canonical map C → B ∪A C is in co(W).











the morphisms f and g are cofibrations and the downwards pointing ar-
rows are weak equivalences, then the natural map B ∪A C → B′ ∪A′ C ′ is
a weak equivalence.
We denote maps from A to B in co(W) by A  B, those in w(W) by A ∼−→ B.
If C = B ∪A ∗ is a cokernel of the cofibration A  B, we denote the natural
quotient map from B to C by B  C.
Definition 2.1.2. The sequence
A  B  C
is called exact sequence or cofibre sequence.
Definition 2.1.3. A functor between Waldhausen categories is called (Wald-
hausen) exact if it preserves cofibrations, weak equivalences, and pushouts along
cofibrations.
Furthermore, we will need the following concepts coming from combinatorial
homotopy theory ([Bau91], [Con84], and [MT07]).
If a, b are elements of a group G, we denote their commutator by
[a, b] = a−1b−1ab.
Definition 2.1.4. A crossed module is a homomorphism of groups
∂ : M1 →M0
together with a right operation
M1 ×M0 →M1, (a,X) 7→ aX
of M0 on M1 satisfying the following identities for any a, b ∈M1 and X ∈M0.
(1) ∂aX = X−1∂(a)X
(2) a∂b = b−1ab
Definition 2.1.5. A morphism of crossed modules f : M∗ → N∗ is a pair
(f1, f0) of group homomorphisms fi : Mi → Ni that is compatible with ∂ and the
operations of the crossed modules.
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Definition 2.1.6. The groups
π1(M∗) = ker ∂, π0(M∗) = coker ∂
are called the homotopy groups of M∗.
Crossed modules can be given by generators and relations as follows. Assume
we are given two sets X0 and X1 and a homomorphism f : G1 → G0 between the
free groups Gi generated by Xi. Then there exists a crossed module F∗ freely
generated by f . The group F0 is equal to G0. The group F1 is the group generated
by the symbols aX for X ∈ G0 and a ∈ G1 modulo the obvious relations and the
homomorphism ∂F is induced by f , see [Bau91], Chapter III, Definition 1.14.
If we are given a crossed module M∗ and sets of relations Yi ⊂ Mi, we let
K0 be the normal subgroup of M0 generated by Y0 ∪ ∂MY1 and K1 be the normal
subgroup of M1 generated by yA for y ∈ Y1, A ∈ M0 and by yAy−1 for y ∈ M1,
A ∈ K0. Then M∗/K∗ is a crossed module in the obvious way and any morphism
g : M∗ → N∗ of crossed modules with gi(Yi) = 1 factors uniquely through the
projection M∗ →M∗/K∗.
Definition 2.1.7. A stable 2-module M∗ is a crossed module together with a
map
〈−,−〉 : M0 ×M0 →M1
satisfying the following identities for any a, b ∈M1 and X,Y, Z ∈M0.
(1) aX = a 〈X, ∂a〉
(2) ∂ 〈X,Y 〉 = [Y,X]
(3) 〈X,Y 〉 〈Y,X〉 = 1
(4) 〈X,Y Z〉 = 〈X,Y 〉Z 〈X,Z〉
Definition 2.1.8. A stable 2-module M∗ is called a stable quadratic module if
it satisfies
〈X, [Y,Z]〉 = 1.
Definition 2.1.9. Morphisms of stable 2-modules and stable quadratic modules
are those morphisms of crossed modules that preserve 〈−,−〉.
For each stable 2-moduleM ′∗, there exists an associated stable quadratic module
M∗ obtained by factoring out the additional relation. If M0 is a free group, then the
projection morphism M ′∗ → M∗ induces an isomorphism of the homotopy groups,
see [MT07], Remark 4.21.
Note further that for a stable quadratic module M∗, the groups M0 and M1
are nil-2-groups. Recall that a nil-2-group is a group G such that for all a, b, c ∈ G,
[[a, b] , c] = 1.
The following calculation rules for stable 2-modules can be easily deduced from
the axioms.
Lemma 2.1.10. Let M∗ be a stable 2-module, a, b ∈M1, A,B,C ∈M0. Then
(1) 〈AB,C〉 = 〈B,C〉 〈A,C〉B,















(5) 〈A∂a,B∂b〉 = b−1(aB)−1 〈A,B〉 bAa
The categories of crossed modules, stable 2-modules, and stable quadratic mod-
ules can be equipped with a notion of 2-morphisms, which are called homotopies or
tracks. Tracks were first introduced by H. J. Baues, see also [Bau91] and [BM06].
Below, we will state the relevant definitions.
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Definition 2.1.11. Let f, g : M∗ → N∗ be two morphisms of crossed modules.
A homotopy α : f ⇒ g is a map α : M0 → N1 satisfying
(1) α(XY ) = α(X)g0(Y )α(Y ),
(2) ∂α(X) = g0(X)−1f0(X),
(3) α(∂a) = g1(a)−1f1(a),
for X,Y ∈ M0, a ∈ M1. The set of homotopies from f to g will be denoted by
Hty(f, g).
Remark 2.1.12. The direction of the homotopy is chosen opposite to the con-
vention in [BM06].
For morphisms of crossed modules f, g, h : M∗ → N∗ and homotopies α ∈
Hty(g, h), β ∈ Hty(f, g) we define the composition of α and β to be
α  β : f ⇒ h, X 7→ α(X)β(X).
Thus, the set Hom(M∗, N∗) of morphisms of crossed modules is equipped with a
structure of a category for which every morphism is invertible. Indeed, the inverse
of α : f ⇒ g is given by
α−1 : g ⇒ f, X 7→ α(X)−1.
The composition of crossed module homomorphisms becomes a bifunctor
◦ : Hom(N∗, P∗)×Hom(M∗, N∗)→ Hom(M∗, P∗)
by setting
α ◦ β : f ◦ g ⇒ f ′ ◦ g′, X 7→ α(g′0(X))f1(β(X))
for f, f ′ ∈ Hom(N∗, P∗), g, g′ ∈ Hom(M∗, N∗) and α ∈ Hty(f, f ′), β ∈ Hty(g, g′).
Hence, the category of crossed modules becomes a category enriched over group-
oids. The same is then true for the category of stable 2-modules and the category
of stable quadratic modules with the same notion of 2-morphisms.
We will now prove two lemmas that are useful for constructing homotopies.
Lemma 2.1.13. Let g ∈ HomC(M∗, N∗), where C is the category of crossed
modules, stable 2-modules, or stable quadratic modules, and let α : M0 → N1 be a
g0-crossed homomorphism, i. e.
α(XY ) = α(X)g0(Y )α(Y )
for all X,Y ∈M0. Set
f0 : M0 → N0, X 7→ g0(X)∂α(X),
f1 : M1 → N1, m 7→ g1(m)α(∂m).
Then f ∈ HomC(M∗, N∗). In particular, the g0-crossed homomorphisms are pre-
cisely the homotopies into g.
Proof. Clearly, f0 and f1 are homomorphisms compatible with ∂. Further-
more, we recall that any g0-crossed homomorphism α satisfies




α(1) = 1, α(X−1) = (α(X)g0(X)
−1
)−1
for each X in M0.
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We check the compatibility with the operations of the crossed modules. Let







Let now g be a morphism of stable 2-modules. Then we obtain
f1(〈X,Y 〉) = 〈g0(X), g0(Y )〉α([Y,X])
= 〈g0(X), g0(Y )〉 (α(Y )−1)[g0(Y ),g0(X)](α(X)−1)g0(Y )[g0(Y ),g0(X)]α(Y )g0(X)α(X)
= α(Y )−1(α(X)g0(Y ))−1 〈g0(X), g0(Y )〉α(Y )g0(X)α(X)
= 〈g0(X)∂α(X), g0(Y )∂α(Y )〉
= 〈f0(X), f0(Y )〉
using the transformation laws listed in Lemma 2.1.10. 
Lemma 2.1.14.
(1) Let g : M∗ → N∗ be a morphism of crossed modules. Assume that M0 is
freely generated by a set X and let α : X → N1 be any map. Then α can
be uniquely extended to a homotopy into g.
(2) The same is true if g is a morphism of stable quadratic modules and M0
is the free nil-2-group generated by X.
Proof. The unique extension of α to a g0-crossed homomorphism from the
free group generated by X to N1 can be defined inductively using the fact that any
element of M0 may be uniquely written in the form
xn11 x
n2
2 . . . x
nk
k
with xi ∈ X, xi 6= xi+1, ni ∈ Z and that the relation
1 = α(xx−1) = α(x)g0(x)
−1
α(x−1)
defines the value of α(x−1) for any x ∈ X. Together with the previous lemma, this
proves (1).
For (2) it suffices to prove that α([x, [y, z]]) = 1 for any x, y, z ∈ X. First, we
check that
α([y, z]) = (α(zy)[g0(y),g0(z)])−1α(yz)
= α(zy)−1 〈∂α(zy), [g0(y), g0(z)]〉α(yz)
= α(zy)−1α(yz)
= α(y)−1 〈∂α(z), g0(y)〉α(z)−1α(y) 〈g0(z), ∂α(y)〉α(z)
= [α(y), α(z)] 〈∂α(z), g0(y)〉 〈g0(z), ∂α(y)〉
= 〈∂α(z), ∂α(y)〉 〈∂α(z), g0(y)〉 〈g0(z), ∂α(y)〉
= 〈∂α(z), g0(y)∂α(y)〉 〈g0(z), ∂α(y)〉 .
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Therefore, we conclude
α([x, [y, z]]) = 〈∂α([y, z]), g0(x)∂α(x)〉 〈[g0(y), g0(z)] , ∂α(x)〉
= 〈∂(〈∂α(z), g0(y)∂α(y)〉 〈g0(z), ∂α(y)〉), g0(x)∂α(x)〉
= 〈[g0(y)∂α(y), ∂α(z)] , g0(x)∂α(x)〉 〈[∂α(y), g0(z)] , g0(x)∂α(x)〉
= 1.

2.2. The 1-Type of the K-Theory Spectrum
The following definition is due to F. Muro and A. Tonks, except that they
construct a stable quadratic module instead of a crossed module. We have used
[MT06], Remark 1.7, to reduce the original set of relations given in [MT07],
Definition 1.2.
Definition 2.2.1. Let W be a small Waldhausen category. We define D′∗W
to be the crossed module generated by
G0 the symbols [X] for each object X in W in degree 0,
G1 the symbols [w] and [∆] for each weak equivalence w and each exact
sequence ∆ in W,
with ∂ given by
R1 ∂[α] = [B]−1[A] for α : A ∼−→ B,
R2 ∂[∆] = [B]−1[C][A] for ∆: A  B  C.
We impose the following relations:
R3 [∗ ∗ ∗] = 1D1 ,
R4 [βα] = [β][α] for α : A ∼−→ B, β : B ∼−→ C,










A′∆′ : // // B′ // // C ′
R6 [Γ1][∆1] = [∆2][Γ2][A] for any commutative diagram















∗ // // F F
Furthermore, we set
R7 〈[A], [B]〉 = (B  A ⊕ B  A)−1(A  A ⊕ B  B) for any pair of
objects A,B.
Remark 2.2.2. For ease of notation, we shall omit the brackets when referring
to generators of D′∗W whenever no confusion is to be feared.
Note that D′0W is the free group generated by [A] for all objects A 6= ∗ of
W since the image under ∂ of any of the relations in degree 1 lies in the normal
subgroup generated by [∗].
The next lemma shows that the crossed module D′∗W becomes automatically
a stable 2-module if one takes (R7) as a definition for 〈−,−〉.
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Lemma 2.2.3. There exists a unique map 〈−,−〉 : D′0W×D′0W→ D′1W such
that
(1) 〈[A], [B]〉 = (B  A ⊕ B  A)−1(A  A ⊕ B  B) for any pair of
objects A,B.
(2) 〈U, V W 〉 = 〈U, V 〉W 〈U,W 〉 for any U, V,W ∈ D′0W,
(3) 〈U, V 〉 〈V,U〉 = 1 for any U, V ∈ D′0W.
The crossed module D′∗W is a stable 2-module with 〈−,−〉.
Proof. The proof of existence and uniqueness is analogous to the proof of
Lemma 2.1.14, using that D′0W is freely generated by the objects A 6= ∗ of W. For
(3), note that (R5) and the diagrams




A // // B ⊕A // // B




B // // B ⊕A // // A
imply
〈A,B〉 〈B,A〉 = c−1c = 1
for any pair of objects A,B of W.
We will now show that 〈−,−〉 satisfies the axioms (1)–(4) in the definition of
stable 2-modules.
Axiom (3) and Axiom (4) are immediate consequences of the definition; Ax-
iom (2) follows since it is true for any pair of objects of W.
Since both sides of Axiom (1) define operations of D′0W on D′1W, it suffices
to check the remaining relation for an object U of W, for a weak equivalence
α : A ∼−→ A′, and for an exact sequence ∆: A  B  C. The diagrams









UΣB : // //





∗ // // C C















∗ // // C C















∗ // // U U
and (R6) imply
















= ∆ 〈U, ∂∆〉 .









A′ // // A′ ⊕ U // // U






U // // A′ ⊕ U // // A′
and (R5) imply
αU = 〈A′, U〉α 〈U,A〉 = α
〈
U, (A′)−1
〉A 〈U,A〉 = α 〈U, ∂α〉 .

Henceforth, we shall always understand D′∗W to be a stable 2-module. The
associated stable quadratic module will be denoted by D∗W. This was the object
initially considered in [MT07]. As we remarked previously, the canonical projec-
tion D′∗W → D∗W is a homotopy equivalence, i. e. induces isomorphisms on the
homotopy groups.
Every exact functor F : W1 → W2 between Waldhausen categories induces a
morphism F : D′∗W1 → D′∗W2 in the obvious way such that D′∗ and D∗ becomes
a functor from the category of Waldhausen categories to the category of stable
2-modules and stable quadratic modules, respectively.
The following is the main result of [MT07].
Theorem 2.2.4 ([MT07], Theorem 1.7). Let W be a Waldhausen category.
Then D′∗W and D∗W are models for the 1-type of the Waldhausen K-theory space
of W. In particular,
πi(D′∗W) = πi(D∗W) = Ki(W)
for i ∈ {0, 1}.























A31∆3 : // // A32 // // A33
be a commutative diagram in a Waldhausen category W and assume that the natural
map A12 ∪A11 A21 → A22 is a cofibration. Then
∆2(Γ3)A21Γ1 = Γ2(∆3)A12∆1 〈A31, A13〉A11
in D′1W.
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Proof. Let B = A12 ∪A11 A21 and consider the following 9-diagrams:















∗ // // A31 A31















∗ // // A13 A13















∗ // // A33 A33















∗ // // A33 A33
They imply the following relations
Θ1∆1 = Σ(Υ1)A11 Θ2Γ1 = Σ(Υ2)A11




1 Θ2Γ1 = (Υ
−1
1 Υ2)
A11 = 〈A31, A13〉A11





By inserting the latter into the first of the two equations, one obtains the asserted
formula. 
2.3. Determinant Functors
In this section, we will explain the link between D′∗W and the theory of deter-
minant functors and virtual objects. We will not use the results in any other part
of the text.
Recall from [Del87], Section 4.3, that a determinant functor is a functor from
an exact category into a categorical group (termed Picard category in loc. cit.) to-
gether with a map from the set of exact sequences into the set of morphisms of the
categorical group such that some compatibility axioms are satisfied. Furthermore,
P. Deligne constructs for any given exact category a determinant functor that sat-
isfies an appropriate universality condition. The target category of this functor is
termed the category of virtual objects.
We refer to [JS93] for a definition of categorical groups and tensor functors.
Here, we will consider the following more restrictive notions.
Definition 2.3.1. A strict categorical group is a (small) category P together
with a functor
⊗ : P×P→ P
such that
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(1) every morphism is an isomorphism,
(2) for every object A, the functors A⊗ (−) and (−)⊗A are automorphisms
of the category P (not simply auto-equivalences),
(3) the functors (A,B,C) 7→ (A⊗B)⊗ C and (A,B,C) 7→ A⊗ (B ⊗ C) are
identical.
Using the same arguments as in classical group theory one verifies that the
above definition implies the existence of a unique object 1 such that the functors
1 ⊗ (−) and (−) ⊗ 1 are equal to the identity as well as the existence of a unique
functor I : P→ P such that I ⊗ idP and idP ⊗ I are equal to the constant functor
1. Indeed, for a morphism f : A → B, the morphism I(f) : I(A) → I(B) is given
by
I(f) = idI(B) ⊗ f−1 ⊗ idI(A).
Definition 2.3.2. A commutative strict categorical group is a strict categorical
group together with a functorial transformation
c(A,B) : A⊗B → B ⊗A
satisfying
(1) c(B,A) ◦ c(A,B) = idA⊗B ,
(2) c(A,B ⊗ C) = idB ⊗ c(A,C) ◦ c(A,B)⊗ idC
Definition 2.3.3. A strict tensor functor between strict categorical groups
F : P→ P′ is a functor between the underlying categories such that the functors
(A,B) 7→ F (A)⊗ F (B), (A,B) 7→ F (A⊗B)
are identical. If P and P ′ are commutative, we also demand that
F (c(A,B)) = c(F (A), F (B)).
A transformation of strict tensor functors α : F ⇒ G is a natural transformation
that satisfies α(A ⊗ B) = α(A) ⊗ α(B) for all objects A and B. The category of
strict tensor functors from P to P′ will be denoted by Funs⊗(P,P
′). Strict tensor
functors of commutative strict categorical groups will be denoted by Funsc⊗ (P,P
′).
In particular, the strict categorical groups together with strict tensor functors
and their transformations form a 2-category. The same is true for the commutative
strict categorical groups.
The following theorem is essentially due to J.-L. Verdier; the short sketch of
the proof given here is from [JS93].
Theorem 2.3.4. There exists an equivalence of 2-categories
(1) between crossed modules and strict categorical groups,
(2) between stable 2-modules and commutative strict categorical groups,
(3) between stable quadratic modules and commutative strict categorical groups
satisfying
(a) A⊗ I(B)⊗ I(C)⊗B ⊗ C = I(B)⊗ I(C)⊗B ⊗ C ⊗A
(b) c(A, I(B)⊗ I(C)⊗B ⊗ C) = idA⊗I(B)⊗I(C)⊗B⊗C .
Proof. Given a crossed module P∗, we can define a strict categorical group
P as follows. The set of objects of P is given by P0. A morphism f : A→ B is an
element of P1 satisfying ∂f = B−1A. The composition is given by the multiplication
on P1. We define the tensor functor on objects by the multiplication on P0 and on
morphisms by
f ⊗ g = fB
′
g
for f : A→ A′, g : B → B′.
2.3. DETERMINANT FUNCTORS 21
If P∗ is a stable 2-module, we set
c(A,B) = 〈B,A〉
for A,B ∈ P0.
Starting with a strict categorical group P, we let P0 be the set of objects of
the category. It is a group with the tensor product as multiplication. The group
P1 consists of the morphisms A→ 1 into the unit object. The product of two such
morphisms f : A→ 1, g : B → 1 is defined to be f ⊗ g : A⊗B → 1. The group P0
operates on P1 through
fX = idI(X) ⊗ f ⊗ idX
and the homomorphism ∂ : P1 → P0 is given by ∂(f) = A for f : A → 1. If P is
commutative, we set
〈A,B〉 = idI(B) ⊗ idI(A) ⊗ c(B,A).
It is now a straight-forward, but tedious exercise to check that these construc-
tions do indeed define equivalences between the above-mentioned 2-categories. 
The following definition differs slightly from the one given in [Del87] and
[Knu02]. For reasons of consistency, we have changed the direction of some arrows
and permuted some factors of tensor products. Furthermore, we have removed the
redundant compatibility axiom as suggested in [BB00], Remark 2.1.
Definition 2.3.5. Let W be a Waldhausen category and P be a strict cate-
gorical group. A determinant functor from W to P is a functor d : w(W) → P
together with a map that associates to each triangle ∆: A0  A1  A2 a morphism












′ // // A′1 // // A
′
2





= d(α1) ◦ d(∆),
(2) Associativity. Given any commutative diagram of exact sequences


























Definition 2.3.6. A determinant functor is called strict if it satisfies
(3) Strict compatibility. If ∗ is the zero object of W , then
d(∗) = 1, d(∗ ∗ ∗) = id∗.
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Definition 2.3.7. A strict determinant functor d is called commutative if P
is commutative and if
d(∆2) = d(∆1) ◦ c(d(A), d(B))
for ∆1 : A  A⊕B  B, ∆2 : B  A⊕B  A.
Definition 2.3.8. Let d, d′ : W→ P be determinant functors. A morphism of
determinant functors α : d→ d′ is a functorial transformation satisfying




for each exact sequence ∆: A  B  C.
We will denote by
Det(W,P), Dets(W,P), Detsc(W,P)
the categories of determinant functors, of strict determinant functors, and of com-
mutative strict determinant functors, respectively.
Remark 2.3.9. Let d : W→ P be a determinant functor. Then we can define







d(∗ A2  A2)−1 ⊗ idI(d(∗))⊗d′(A0)
)
for exact sequences ∆: A0  A1  A2. Moreover, A 7→ d(∗ A  A)⊗ idI(d(∗))
is a morphism of determinant functors from d to d′. In other words, Det(W,P) is
equivalent to Dets(W,P).
For any stable 2-module M∗, let PM∗ be the corresponding commutative strict
categorical group constructed in the proof of Theorem 2.3.4. There exists an ob-
vious strict determinant functor d in Dets(W,PD′∗W) taking any object, weak
equivalence, and exact sequence in W to the corresponding generator in D′∗W.
The following result corresponds to [Del87], Section 4.4.
Theorem 2.3.10. Let Q be a strict categorical group.
(1) Composition with d induces a canonical isomorphism of categories
Funs⊗(PD′∗W,Q)→ Det
s(W,Q).
(2) If Q is commutative, then composition with d induces an isomorphism of
the respective subcategories
Funsc⊗ (PD′∗W,Q) ∼= Det
sc(W,Q).
(3) If Q corresponds to a stable quadratic module, then composition with d
induces an isomorphism
Funsc⊗ (PD∗W,Q) ∼= Det
sc(W,Q).
Proof. All one has to do is to translate the above statement into the language
of crossed modules. A determinant functor with values in PM∗ then corresponds
to a triple of maps
do : {objects of W} →M0
dw : {weak equivalences} →M1
ds : {exact sequences} →M1
subject to the relations (R1) – (R6) given in Definition 2.2.1. It is commutative
exactly when the relation (R7) is fulfilled as well. By the very definition, each
such triple must factor uniquely through the triple of maps that associates objects,
weak equivalences and exact sequences to the corresponding generators of D′∗W
(or D∗W if M∗ is a stable quadratic module). Morphisms of determinant functors
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then correspond by Lemma 2.1.14 to homotopies between the induced maps from
D′∗W (or D∗W) to M∗. 
Let G be a (small) categorical group that is not necessarily strict. If H is an-
other categorical group, we let Fun⊗(G,H) denote the category of tensor functors
from G to H as described in [JS93], Section 1.
We claim that there exists a strict categorical group Gs whose group of objects
is free and a tensor functor
S : Gs → G, αS : S(A)⊗ S(B)→ S(A⊗B), ιS : 1→ S(1)




is an equivalence of categories. Moreover, there exists a tensor functor
T : G→ Gs, αT : T (A)⊗ T (B)→ T (A⊗B), ιT : 1→ T (1)
which is quasi-inverse to S as tensor functor, i. e. we can find isomorphisms of tensor
functors S ◦ T → idG and T ◦ S → idGs .
For every object A in the categorical group G, fix an object A∗ together with
a morphism εA : A∗ ⊗ A → 1. Using this data, one can define another morphism
ε′A : A⊗A∗ → 1 as the composition
A⊗A∗ → 1⊗ (A⊗A∗)→ (A∗∗ ⊗A∗)⊗ (A⊗A∗)→ A∗∗ ⊗ (A∗ ⊗ (A⊗A∗))
→ A∗∗ ⊗ ((A∗ ⊗A)⊗A∗)→ A∗∗ ⊗ (1⊗A∗)→ A∗∗ ⊗A∗ → 1.
The categorical group Gs is given as follows. The group of objects of Gs is
the free group generated by the objects of G, i. e. the objects of Gs are words built
from the letters A and A∗ for objects A in G subject to the condition that A and
A∗ are never adjacent. There exists an obvious interpretation map S that assigns
to each such word an object in G, with the convention that the image of the empty
word ∅ is 1. The homomorphisms in Gs are then defined by
HomGs(w1, w2) = HomG(Sw1, Sw2).
Using the morphisms εA and ε′A, one can inductively define a morphism
αS : Sw1 ⊗ Sw2 → Sw1w2.
We let ιS : 1→ S(∅) be the identity. The tensor product in Gs is given by multi-
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The functor T is given by the map that assigns to each object of G the cor-
responding word of length 1. The morphisms αT : T (A) ⊗ T (B) → T (A ⊗ B) and
ιT : ∅→ T (1) are defined to be the identity morphisms
idA⊗B ∈ HomG(S(T (A)⊗ T (B)), ST (A⊗B))
and
id1 ∈ HomG(S(∅), ST (1)),
respectively.
Finally, if (F, αF , ιF ) : H→ G is a tensor functor from a strict categorical group
H with free group of objects, we define F s : H → Gs to be the homomorphism
between the underlying groups of objects that is induced by the restriction of F to
a set of generators of the group of objects of H. Using αF and the isomorphism
F (A−1)→ 1⊗ F (A−1)→ (F (A)∗ ⊗ F (A))⊗ F (A−1)
→ F (A)∗ ⊗ (F (A)⊗ F (A−1))→ F (A)∗ ⊗ F (1)→ F (A)∗ ⊗ 1→ F (A)∗
one obtains a morphism HomG(Fh1, Fh2)→ HomG(SF sh1, SF sh2). Its composi-
tion with F : HomH(g1, g2)→ HomH(Fg1, Fg2) is used to define F s on morphisms.
It remains to verify that these data satisfy all desired axioms and properties.
We omit the necessary calculations and refer instead to [JS93], Section 1 for similar
considerations and to the remark in [CG01], Example 2.2 for another approach to
the topic.


















and by what was said above, all arrows in the diagram are equivalences of categories.
In particular, this is true for the bottom horizontal arrow. This in turn corresponds
precisely to the universality condition of [Del87], Section 4.3. Therefore, PD′∗W
is equivalent to the category of virtual objects.
2.4. The ?-Product
In [Knu02] F. Knudsen shows that the category of commutative determinant
functors can itself be equipped with the structure of a commutative categorical
group. Below, we will give the corresponding construction for D′∗W.
Definition 2.4.1. Let f, g : D′∗W→M∗ be two morphisms of stable 2-modules.
Set
(1) for any object X of W,
(f ? g)0(X) = f0(X)g0(X),
(1/f)0(X) = f0(X)−1;
(2) for a weak equivalence ω : X ∼−→ Y ,
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(3) for an exact sequence ∆: X  Y  Z,








Lemma 2.4.2. The above definitions extend to morphisms of stable 2-modules
f ? g, 1/f : D′∗W → M∗, giving the set of morphisms D′∗W → M∗ the structure of
a group.
Proof. Clearly, we obtain morphisms from the free stable 2-module generated
by the objects of W (excluding the zero object ∗) in degree 0 and weak equivalences
and exact sequences in degree 1 to M∗. Note that in the case of 1/f , it is sufficient
to consider the identity morphism id : D′∗W→ D′∗W, since
1/f = f ◦ (1/id).
It remains to check that these morphisms are compatible with the relations
(R1) – (R7) of Definition 2.2.1. For (R1) – (R4) this is completely straightforward.
We verify (R5). With the notation as in Definition 2.2.1 and the transformation
laws of Lemma 2.1.10 we obtain
(f ? g)(β∆) = f(β)g(B
′)g(β)f(∆)g(B)g(∆) 〈f(A), g(C)〉g(A)
= f(β∆)g(B































= (f ? g)(∆′)(f ? g)(α)(f ? g)(γ)(f?g)(A)
= (f ? g)(∆′αγA)
and (
(1/id)(β∆)












































































Likewise, the compatibility with (R6) follows from
(f ? g)(Γ1∆1) = f(Γ1)g(D)g(Γ1) 〈f(B), g(F )〉g(B) f(∆1)g(B)g(∆1) 〈f(A), g(C)〉g(A)
= f(Γ1)g(D)g(Γ1)f(∆1)g(FB) 〈f(B)∂f(∆1), g(F )〉g(B) g(∆1) 〈f(A), g(C)〉g(A)
= f(Γ1∆1)g(D)g(Γ1∆1) 〈f(CA), g(F )〉g(CA) 〈f(A), g(C)〉g(A)
= f(∆2ΓA2 )
g(D)g(∆2ΓA2 ) 〈f(CA), g(F )〉
g(CA) 〈f(A), g(C)〉g(A)
= f(∆2)g(D)g(∆2)(f(Γ2)f(A)g(E)g(Γ2) 〈f(CA), g(F )〉g(C) 〈f(A), g(C)〉)g(A)
= f(∆2)g(D)g(∆2)(〈f(A), g(E)〉 f(Γ2)g(E)f(A) 〈g(E), f(A)〉 g(Γ2))g(A)
(〈f(A), g(F )〉g(C) 〈f(C), g(F )〉f(A)g(C) 〈f(A), g(C)〉)g(A)
= f(∆2)g(D)g(∆2)(〈f(A), g(E)〉 f(Γ2)g(E)f(A)g(Γ2)f(A) 〈g(E)∂g(Γ2), f(A)〉)g(A)
(〈f(A), g(F )〉g(C) 〈f(A), g(C)〉 〈f(C), g(F )〉g(C)f(A))g(A)
= f(∆2)g(D)g(∆2) 〈f(A), g(E)〉g(A) (f(Γ2)g(E)g(Γ2))f(A)g(A)
(〈g(FC), f(A)〉 〈f(A), g(FC)〉 〈f(C), g(F )〉g(C)f(A))g(A)
= f(∆2)g(D)g(∆2) 〈f(A), g(E)〉g(A) (f(Γ2)g(E)g(Γ2) 〈f(C), g(F )〉g(C))f(A)g(A)
= (f ? g)(∆2)(f ? g)(Γ2)(f?g)(A)












































































































Σ: A  A⊕B  B,
Γ: B  A⊕B  A.
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Then the compatibility with (R7) follows because of
〈(f ? g)(A), (f ? g)(B)〉 = 〈f(A)g(A), f(B)g(B)〉
= 〈g(A), f(B)〉g(B) 〈f(A), f(B)〉g(AB) 〈g(A), g(B)〉 〈f(A), g(B)〉g(A)
= 〈g(A), f(B)〉g(B) (f(Γ−1)f(Σ))g(AB)g(Γ−1)g(Σ) 〈f(A), g(B)〉g(A)
= 〈g(A), f(B)〉g(B) g(Γ−1)(f(Γ−1)f(Σ))g(A⊕B)g(Σ) 〈f(A), g(B)〉g(A)
= (f(Γ)g(A⊕B)g(Γ) 〈f(B), g(A)〉g(B))−1f(Σ)g(A⊕B)g(Σ) 〈f(A), g(B)〉g(A)
= (f ? g)(Γ)−1(f ? g)(Σ)

















































It is now easy to verify that the ?-product is indeed associative, that the con-
stant map 1: D′∗W → M∗ is a unit and that 1/f is inverse to f with respect to
?. 
Proposition/Definition 2.4.3. For a Waldhausen category W and a stable
2-module M∗ we set
Hom0(D′∗W,M∗) = {Morphisms D′∗W→M∗} ,
Hom1(D′∗W,M∗) = {Group homomorphisms D′0W→M1}













= ∂M∗ ◦ α.
For f, g ∈ Hom0(D′∗W,M∗) we let
〈f, g〉Hom∗(D′∗W,M∗) : D
′
0W→M1
be the unique group homomorphism given by
〈f, g〉 (X) = 〈f0(X), g0(X)〉M∗
on objects X of W. This defines a stable 2-module
Hom∗(D′∗W,M∗).
Proof. The verification of the axioms in Definition 2.1.7 is mostly straight-
forward. We will only check Axiom (2), which is a bit more involved.
Let f, g ∈ Hom0(D′∗W,M∗). We need to show that
∂ 〈f, g〉 = (1/g) ? (1/f) ? g ? f.
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It suffices to verify this on the generators of D′∗W. Let X be an object of W. Then
(∂ 〈f, g〉)(X) = ∂ 〈f(X), g(X)〉M∗ = [g(X), f(X)] =
(
(1/g) ? (1/f) ? g ? f
)
(X).
Consider a weak equivalence ω : X ∼−→ Y . Then
(∂ 〈f, g〉)(ω) = 〈f(Y ), g(Y )〉−1 〈f(X), g(X)〉
= 〈f(Y ), g(Y )〉−1 g(ω)−1(f(ω)g(Y ))−1 〈f(Y ), g(Y )〉 g(ω)f(Y )f(ω)
= ((f ? g)(ω)[g(Y ),f(Y )])−1g(ω)f(Y )f(ω)
= (1/(f ? g)(ω))g(Y )f(Y )(g ? f)(ω)
= ((1/g) ? (1/f) ? g ? f)(ω).
Finally, let ∆: X  Y  Z be an exact sequence. Then
(∂ 〈f, g〉)(∆) = 〈f(Y ), g(Y )〉−1 〈f(Z), g(Z)〉 〈f(X), g(X)〉
= 〈g(Y ), f(Y )〉 〈f(Z), g(Z)〉
〈(f ? g)(X), (g ? f)(Z)〉 〈(g ? f)(Z), (f ? g)(X)〉 〈f(X), g(X)〉
= 〈g(Y ), f(Y )〉 〈f(Z), g(Z)〉
〈(f ? g)(X), (f ? g)(Z)〉[g(Z),f(Z)] 〈(f ? g)(X), [g(Z), f(Z)]〉
〈(g ? f)(Z), (f ? g)(X)〉 〈f(X), g(X)〉
= 〈g(Y ), f(Y )〉 〈f(Z), g(Z)〉(f?g)(X) 〈(f ? g)(X), (f ? g)(Z)〉∂〈f(Z),g(Z)〉
(f?g)(X)
〈(g ? f)(Z), (f ? g)(X)〉 〈f(X), g(X)〉
= 〈g(Y ), f(Y )〉 〈g(Z), f(X)〉g(X) 〈f(ZX), g(Z)〉g(X)
〈(f ? g)(X), (f ? g)(Z)〉∂〈f(Z),g(Z)〉
(f?g)(X)
〈(g ? f)(Z), (f ? g)(X)〉 〈f(X), g(X)〉
= 〈g(Y ), f(Y )〉 〈g(Z), f(X)〉g(X) 〈f(ZX), g(ZX)〉 〈g(X), f(Z)〉f(X)
〈g(X), f(X)〉 〈(f ? g)(X), (f ? g)(Z)〉∂〈f(Z),g(Z)〉
(f?g)(X)
〈(g ? f)(Z), (f ? g)(X)〉 〈f(X), g(X)〉
= (〈g(Y ), f(Y )〉 〈g(Z), f(X)〉g(X)
g(∆)−1(f(∆)−1)g(Y ) 〈f(Y ), g(Y )〉 g(∆)f(Y )f(∆) 〈g(X), f(Z)〉f(X)
〈(f ? g)(X), (f ? g)(Z)〉)[g(Z),f(Z)]
〈(g ? f)(Z), (f ? g)(X)〉[g(X),f(X)]
= ((f ? g)(∆−1)[f(Y ),g(Y )](g ? f)(∆)
〈(f ? g)(X), (f ? g)(Z)〉)[g(Z),f(Z)]







(f ? g)(X)−1, (f ? g)(Z)−1
〉 )(g?f)(Y )
(g ? f)(∆)
〈(g ? f)(Z), (f ? g)(X)〉[g(X),f(X)]
= (1/(f ? g))(∆)(g?f)(Y )(g ? f)(∆) 〈(1/(f ? g))(X), (g ? f)(Z)〉(g?f)(X)
= ((1/g) ? (1/f) ? g ? f)(∆).

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Proposition/Definition 2.4.4. If M∗ is a stable quadratic module, we de-
fine Hom∗(D∗W,M∗) by replacing each occurrence of D′∗W in Definition 2.4.3 by
D∗W. Then Hom∗(D∗W,M∗) is a stable quadratic module and
Hom∗(D∗W,M∗) = Hom∗(D′∗W,M∗).
Proof. Recall that every morphism D′∗W → M∗ factors uniquely through
the canonical adjunction morphism D′∗W→ D∗W and that every group morphism
from D′0W to the nil-2-group M1 factors uniquely through the free nil-2-group
D0W. This implies the asserted equality.
From the definition of 〈−,−〉Hom∗(D∗W,M∗) it then follows immediately that
the stable 2-module Hom∗(D∗W,M∗) is stable quadratic. 
We will now use the above construction to formulate a version of the additivity
theorem in Waldhausen K-theory.
Definition 2.4.5. For two Waldhausen categories W1 and W2 we let
Fun(W1,W2)
denote the Waldhausen category of exact functors. The morphisms are natural
transformations. A natural transformation α : F ⇒ G is a cofibration if
(1) for each object C in W1, the morphism α(C) : F (C)→ G(C) is a cofibra-
tion,
(2) for each cofibration C  C ′ in W1, the induced morphism G(C) ∪F (C)
F (C ′)→ G(C ′) is a cofibration.
A natural transformation α : F ⇒ G is a weak equivalence if for each object C in
W1, the morphism α(C) : F (C)→ G(C) is a weak equivalence.
Definition 2.4.6. For each object F of Fun(W1,W2) we let
D(F ) : D′∗W1 → D′∗W2
be the morphism induced by F . For a weak equivalence α in Fun(W1,W2) we
define
D(α) : D′0W1 → D′1W2
to be the group homomorphism induced by X 7→ α(X) for an object X of W1.
Finally, for an exact sequence ∆: F  G  H in Fun(W1,W2) we let
D(∆): D′0W1 → D′1W2
be the group homomorphism induced by X 7→ ∆(X) : F (X)  G(X)  H(X).
Theorem 2.4.7. The map D extends to natural transformations of bifunctors
D : D′∗Fun(W1,W2)→ Hom∗(D′∗W1,D′∗W2),
D : D∗Fun(W1,W2)→ Hom∗(D∗W1,D∗W2).





We have to check the compatibility with the relations (R1)–(R7) in Defini-
tion 2.2.1. Let α : F ⇒ G be a weak equivalence in Fun(W1,W2). According to
(R1), we have to show
∂D(α) = 1/G ? F.
For this purpose, let X be an object of W1, ω : X
∼−→ Y be a weak equivalence and
Γ: X  Y  Z be an exact sequence. Then
(1/G ? F )(X) = G(X)−1F (X) = ∂α(X) = (∂D(α))(X).
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α(Y ) // G(Y )
we obtain
(1/G ? F )(ω) = G(ω−1)∂α(Y )F (ω)




F (X)F (Γ) : // //
α(X)







G(X)G(Γ) : // // G(Y ) // // G(Z)
implies










α(Y )F (Γ) 〈F (Z), G(X)〉∂α(X)
= α(Y )−1G(Γ−1) 〈G(X), G(Z)〉∂G(Γ
−1)
G(Γ)α(X)α(Z)F (X) 〈F (Z), G(X)〉∂α(X)










To verify (R2), we need to show
(∂D(∆)) = 1/G ? H ? F
for any exact sequence ∆: F  G  H in Fun(W1,W2). With the same notations
as above we obtain
(1/G ? H ? F )(X) = G(X)−1H(X)F (X) = ∂∆(X) = (∂D(∆))(X)
and from the commutative diagram









F (Y )∆(Y ) : // // G(Y ) // // H(Y )
we deduce
(1/G ? H ? F )(ω) = G(ω−1)∂∆(Y )H(ω)F (Y )F (ω)
= ∆(Y )−1G(ω−1)∆(Y )F (ω)H(ω)F (X)
= ∆(Y )−1∆(X)
= (∂D(∆))(ω).
















F (Y )∆(Y ) : // //





F (Z)∆(Z) : // // G(Z) // // H(Z)
implies by Lemma 2.2.5
(1/G ? H ? F )(Γ) = G(Γ−1)∂∆(Y )
〈
G(X)−1, G(Z)−1
〉H(Y )F (Y )












= ∆(Y )−1 〈G(X), G(Z)〉∆(Z)G(X)∆(X)
〈F (Z), G(X)〉∂∆(X)











All other relations are immediate consequences of the definition of D. 
Finally, we prove the following result.
Proposition 2.4.8. Let W1 and W2 be two Waldhausen categories and f, g ∈
Hom0(D′∗W1,D′∗W2). Then
Ki(f ? g) = Ki(f) Ki(g)
for i ∈ {0, 1}.
Proof. For i = 0 this follows immediately from the definition. We consider
the claim for i = 1. Choose an element a ∈ K1(W1). We may replace w. l. o. g. f, g
by the corresponding maps in Hom0(D∗W1,D∗W2). The definition of f ? g and
the relation 〈a, [b, c]〉 = 1 then shows that the element
x = (f ? g)(a)(f(a)g(a))−1
in D∗W2 can be written as a product
〈X,Y ε11 · · ·Y
εk
k 〉 〈Z1, Z
′
1〉 · · · 〈Zn, Z ′n〉
with Yr, Zr, Z ′r objects of W2, all distinct from X 6= ∗, and εr ∈ {±1}. Since
∂x = 1 and D0W2 is the free nil-2-group generated by the objects A 6= ∗ of W2,
we see that Y ε11 · · ·Y
εk
k is a product of commutators. Hence,
〈X,Y ε11 · · ·Y
εk
k 〉 = 0
and inductively over the length of the above product decomposition, x = 1. 

CHAPTER 3
Waldhausen Categories of Chain Complexes
The language of derived categories has proved to be a convenient framework
for the theory of homological algebra. However, this language is not well adapted
to questions regarding the K-theory of an underlying exact category. For example,
it is still completely unclear wether it is possible to reconstruct the K-theory of
the exact category just by looking at its associated derived category. Moreover,
in [Sch02] it was proved that the answer to this question is negative in an only
slightly more general setting.
Since we are primarily interested in a question that is related to K-theory, we
will need to work directly with the categories of chain complexes. These categories
can be equipped with the structure of a Waldhausen category such that we are
able to talk about their K-theory spaces. More precisely, we will introduce for this
purpose in Section 3.1 the notion of a strictly complicial biWaldhausen category
and examine its basic properties.
Yet another difference to the standard usage of homological algebra is that
we will in general allow the chain complexes to be unbounded. Although this
introduces some extra technical difficulties, we felt that it results in a more natural
treatment of the matter. For one thing, the complexes that will later appear in our
applications are not strictly bounded per se such that one would need to deal with
diverse truncation operations if one desired to stay within the categories of bounded
chain complexes. Furthermore, the category of unbounded chain complexes is also
the right object if one tries to develop a model-theoretic approach in the spirit of
[Hov01].
Derived categories were originally introduced in order to allow a canonical
construction of the derived functors of a left or right exact functor between Abelian
categories. We have to resort to other methods to construct Waldhausen exact
models of these functors between the underlying strictly complicial biWaldhausen
categories. One possibility is to work with explicit resolution functors. A basic tool
for this will be provided in Lemma 3.1.11.
Another possibility is to alter the choice of the Waldhausen category itself. In
Section 3.2, we will use this method to define the derived tensor product on a sub-
category of the category of complexes of R-objects over an Abelian category. If we
worked with bounded above complexes, we could simply restrict to the category of
bounded above complexes of flat objects. In the context of unbounded categories,
a stronger notion is necessary. For our purposes, the notion of DG-flatness intro-
duced by L. L. Avramov and H.-B. Foxby in [AF91] proved to be most useful. It
is a slightly more rigid version of the better known notion of K-flatness introduced
by N. Spaltenstein in [Spa88].
In the final section of this chapter we recall the concept of perfect complexes
of modules over a ring R. This concept will be generalised to complexes of étale
sheaves and adic sheaves in the following chapters.
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3.1. Strictly Complicial biWaldhausen Categories
We will use the following notations and conventions for chain complexes, chiefly
adopting those of [TT90]. Let A be an Abelian category. We use the notation C•
to denote a complex
. . . // Ck−1
∂k−1C // Ck
∂kC // Ck+1 // . . .
of objects in A. The dot may be replaced by an integer k to refer to the k-th object
of the complex. If the complex appears as the argument of a functor, we will omit
the dot.
The differential of C• will be denoted by ∂C and it increases the degree by one.
The standard notations
Zk(C) = ker ∂kC : C
k → Ck+1
Bk(C) = im ∂k−1C : C
k−1 → Ck
Hk(C) = Zk(C)/Bk(C)
will be used to refer to the cycles, boundaries, and the cohomology in degree k,
respectively.
For an integer n, we will denote by C[n]• the complex C• shifted by n, i. e.
C[n]k = Cn+k, ∂kC[n] = (−1)
n∂n+kC .
For a morphism f : C• → D• of complexes,
f [n] : C[n]• → D[n]•
is the morphism given by f [n]k = fk+n for k ∈ Z. Any object of A will be regarded
as a complex concentrated in degree 0 unless otherwise specified. If f, g : A• → B•
are two morphisms of complexes, then a chain homotopy h : f ⇒ g is a sequence of
maps hn : An → Bn−1 satisfying ∂Bh+ h∂A = f − g.
Let f : A• → B• and g : A• → C• be morphisms of complexes. We define the
canonical homotopy pushout
(B ∪hA C)•
to be the complex given by
(B ∪hA C)n = Bn ⊕An+1 ⊕ Cn
with differential
∂B∪hAC(b, a, c) = (∂B(b) + f(a),−∂A(a), ∂C(c)− g(a)).
It fulfills the following universal property.
(1) There exist morphisms of complexes f ′ : C• → (B ∪hA C)•, g′ : B• →
(B ∪hA C)• and a chain homotopy h : f ′g ⇒ g′f . They are given by the
canonical injections
f ′n : Cn → Bn ⊕An+1 ⊕ Cn
g′n : Bn → Bn ⊕An+1 ⊕ Cn
hn : An → Bn−1 ⊕An ⊕ Cn−1
(2) If x : C• → D•, y : B• → D• are morphisms of complexes and k : yf ⇒ xg
is a chain homotopy, then there exists a unique morphism of complexes
v : B ∪hA C• → D• with x = vf ′, y = vg′, and k = vh, namely
v : Bn ⊕An+1 ⊕ Cn → Dn, (b, a, c) 7→ x(b) + h(a) + y(c).
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If g is the identity of A•, the homotopy pushout is also called the mapping
cylinder of f and will be denoted by Cyl(f)•. Likewise, the mapping cone Cone(f)•
is the homotopy pushout of f and the zero morphism A• → 0.
If the morphism f is a quasi-isomorphism, then the isomorphism of the long












0 // B• ⊕ C• // B ∪hA C• // A[1]• // 0
shows that f ′ is a quasi-isomorphism as well.
Dually, we define the homotopy pullback
(B ×hA C)•
of two morphisms of complexes f : B• → A• and g : C• → A• to be the complex
given by
(B ×hA C)n = Bn ⊕An−1 ⊕ Cn
∂B×hAC(b, a, c) = (∂B(b),−∂A(a) + f(b)− g(c), ∂C(c)).
For any C•,we denote by τ≥nC• and τ≤nC• the left and right canonical trun-
cations of C•, i. e.
(τ≥nC•)k =

Ck if k > n,




Ck if k < n,
ker ∂n if k = n,
0 otherwise.
Correspondingly, the left and right stupid truncations of C• will be denoted by
σ≥nC• and σ≤nC•, i. e.
(σ≥nC•)k =
{




Ck if k ≤ n,
0 otherwise.
We are mainly interested in Waldhausen categories of the following type.
Proposition 3.1.1. Let A be an Abelian category and let C be a full additive
subcategory of the category Kom(A) of complexes over A that is closed under shifts
and under extensions, i. e. for every exact sequence
0 // P • // Q• // R• // 0
of complexes over A such that P • and R• are objects of C, the complex Q• is also
in C. Then C is closed under the canonical homotopy pushouts and homotopy pull-
backs. If we choose quasi-isomorphisms as weak equivalences and define cofibrations
to be monomorphisms with cokernel in C, then C is a complicial biWaldhausen cat-
egory in the sense of [TT90], Definition 1.2.11. Further, the cylinder Cyl(f)• of a
morphism in C is a cylinder functor satisfying the cylinder axiom in the sense of
[TT90], Definition 1.3.1.
Proof. If C = Kom(A) is the category of all complexes, then all assertions
are well-known, see [TT90], Example 1.2.13 and Example 1.3.4.
We will now show that C is a Waldhausen category in the general case. The
only axiom that is not immediately verified is Axiom (4) in Definition 2.1.1.
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Let f : P •  Q• be a monomorphism in C whose cokernel K• lies again in C
and let g : P • → R• any morphism of complexes in C. The exact sequence
0 // R• // (Q ∪P R)• // K• // 0
in Kom(A) then shows that the pushout is an object in C as C was assumed to
be closed under extensions. Furthermore, the map R• → (Q∪P R)• is a cofibration
in C since its cokernel K• is an object in C.
The dual argument proves that C is also closed under pullbacks along quotient
maps and thus, C is a biWaldhausen category.
Note that the class of weak equivalences of C is saturated: if a : A• → B• and
b : B• → C• are morphisms in C and any two of the three morphisms a, b, and b◦a
are weak equivalences, then so is the third. Furthermore, C is also extensional, i. e.














the morphisms a and c are weak equivalences, then b is a weak equivalence. We
conclude that C is indeed a complicial biWaldhausen category.
By the exact sequence
0 // B• ⊕ C• // (B ∪hA C)• // A[1]• // 0
we see that C is closed under canonical homotopy pushouts. Mutatis mutandis,
one shows that it is closed under canonical homotopy pullbacks as well.
The assertion about the cylinder functor then follows from [TT90], Exam-
ple 1.3.5. 
Definition 3.1.2. Waldhausen categories C as in Proposition 3.1.1 will be
called strictly complicial biWaldhausen categories.
Remark 3.1.3. To be able to talk about the Waldhausen K-theory space we
will also tacitly assume C to be a small category.
Example 3.1.4. Let i : E→ A be a fully faithful exact functor from an exact
category E into an Abelian category A. Assume that E is closed under extensions
in A and that a sequence is exact in E if and only if it is exact in A. Then the
category Kom(E) of complexes of objects in E considered as a subcategory of
Kom(A) is a strictly complicial biWaldhausen category. Note that in general, the
notion of quasi-isomorphisms in Kom(E) might depend on the choice of i unless one
requires i to fulfill some extra conditions, see the discussion in [TT90], Section 1.11.
These conditions are relatively harmless and in our applications, the choice of i will
always be clear from the context.
Strictly complicial biWaldhausen categories have the following convenient prop-
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be a commutative diagram in a strictly complicial biWaldhausen category C. Then
the natural map (A12 ∪A11 A21)• → A•22 is automatically a cofibration.
Proof. An easy diagram chase shows that (A12∪A11 A21)• is the kernel of the
composition A22  A23  A33. 
We will now draw some consequences from the definition of strictly compli-
cial biWaldhausen categories regarding the 1-type of the K-theory space that we
considered in Chapter 2.
Lemma 3.1.6. Consider a strictly complicial biWaldhausen category C. Let
f, g : F • ∼−→ G• be two weak equivalences in C and let h : f ⇒ g be a chain homo-
topy. Then [f ] = [g] in D1C.
Proof. By the universal property of Cyl(f)• and Cyl(g)• we obtain a com-








































where f ′, yf and g′, yg are the structural morphisms, xf and xg are induced by the
commutative diagram
F •







f resp. g // G•
and ch is induced by h. This diagram implies the relation
[g] = [xgchf ′] = [xgch][yfxf ][f ′] = [xgchyf ][f ] = [f ]
in D1C. 
Lemma 3.1.7. Let C be a strictly complicial biWaldhausen category. The shift
functor [1] : C → C induces a morphism of stable quadratic modules [1] : D∗C →
D∗C such that the maps on Ki(C) agree with the involution a 7→ a−1 for i = 0, 1.
Proof. Clearly, the shift functor [1] is a Waldhausen exact functor. According
to Theorem 2.4.7, it defines an element in the group Hom0(D∗C,D∗C) constructed
in Section 2.4. By the same theorem, the canonical cofibre sequence
∆(A) : A•  Cone(idA)•  A[1]•
and the weak equivalence
ω(A) : Cone(idA)•
∼−→ 0
define a homotopy D(ω∆): [1]? idD∗C ⇒ 1. Note that homotopic morphisms of the
stable quadratic modules induce the same maps on the fundamental groups. Using
Proposition 2.4.8 we then obtain
1 = Ki([1] ? idD∗C) = Ki([1]) Ki(idD∗C)
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and hence,
Ki([1])(a) = a−1
for a ∈ Ki(C). 
Next, we turn to functors between strictly complicial biWaldhausen categories.
To check wether a given functor is Waldhausen exact, we may apply the following
criterion.
Lemma 3.1.8. An additive functor F : C → D between strictly complicial bi-
Waldhausen categories is Waldhausen exact if and only if it takes exact sequences
to exact sequences and acyclic complexes to acyclic complexes.
Proof. Clearly, any Waldhausen exact functor takes exact sequences to exact
sequences and acyclic complexes to acyclic complexes.
Assume conversely that F is an additive functor taking exact sequences to
exact sequences and acyclic complexes to acyclic complexes. Trivially, F preserves
cofibrations. Let f : P •  Q• be a cofibration in C and let g : P • → R• be any
morphism of complexes in C. The exact sequence
0 // P •
(f,−g) // Q• ⊕R• // (Q ∪P R)• // 0
shows
F (Q ∪P R)• ∼= (F (Q) ∪F (P ) F (R))•;
hence, F preserves pushouts along cofibrations. If f : P • ∼−→ Q• is a weak equiva-






















and the acyclicity of the two cones shows that F (f) is a weak equivalence. 
Proposition 3.1.9. Let W be any Waldhausen category and C be a strictly
complicial Waldhausen category. Then the category of Waldhausen exact functors
Fun(W,C) (see Definition 2.4.5) is a strictly complicial Waldhausen category.
Moreover, if F → G is a functorial transformation such that for every object w in
W, F (w)→ G(w) is a cofibration in C, then F is a cofibration in Fun(W,C).
Proof. Assume that C is strictly complicial as a subcategory of Kom(A)
with A an Abelian category. Let B be the category of functors F : W→ A. Then
B is an Abelian category ([Pop73], Theorem 4.1) and Fun(W,C) is a full additive
subcategory of Kom(B) which is closed under shifts.
We will now show that Fun(W,C) is closed under extensions. Consider an
exact sequence
F •  G•  H•
in Kom(B) and assume that F •, H• ∈ Fun(W,C). Since C is closed under
extensions, G• takes values in C. Moreover, it is easy to see that G• preserves
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weak equivalences. If A  B  C is a cofibre sequence in W, then the 9-diagram















F •(C) // // G•(C) // // H•(C)
shows that G•(A)  G•(B)  G•(C) is also a cofibre sequence; hence, G• pre-
serves cofibrations.
Next, we consider a cofibration A  B and a morphism A→ C in W. By the
9-lemma the last row of the 9-diagram















F •(B) ∪F•(A) F •(C) // // G•(B) ∪G•(A) G•(C) // // H•(B) ∪H•(A) H•(C)
is exact. The diagram
F •(B) ∪F•(A) F •(C) // //
∼=






F •(B ∪A C) // // G•(B ∪A C) // // H•(B ∪A C)
then shows that G• preserves pushouts along cofibrations. Thus, G• is Waldhausen
exact.
This gives Fun(W,C) the structure of a strictly complicial biWaldhausen cat-
egory. Clearly, the corresponding notion of weak equivalences agrees with the one
given in Definition 2.4.5. By Lemma 3.1.5 applied to the fist of the two 9-diagrams,
this is also true for the cofibrations. 
We will now deal with the total derived functor of a left exact functor be-
tween Abelian categories. Let A be an Abelian category. For complexes X•, Y • in





∂nHomA(X,Y )(fi)i∈Z = (∂
i+n
Y ◦ fi − (−1)
nfi+1 ◦ ∂iX)i∈Z.
We recall the following definition from [AF91].
Definition 3.1.10. A DG-injective complex in Kom(A) is a complex I• of
injective objects such that for any acyclic complex C• in Kom(A), the complex
Hom•A(C, I) is acyclic.
Assume that A is a Grothendieck category, i. e. an Abelian category that satis-
fies the following two additional axioms.
(Ab5) Filtered direct limits exist and are exact.
(G) There exists a generator in A.
40 3. WALDHAUSEN CATEGORIES OF CHAIN COMPLEXES
By [Ser03], Theorem 3.13, there exist a DG-injective complex I• and a quasi-
isomorphism C• → I• for any complex C• in Kom(A). (In the formulation
of this theorem, only the existence of a K-injective resolution is claimed, but
loc. cit., Lemma 3.7 shows that the constructed K-injective resolution is indeed
DG-injective.) If B is another Abelian category and F : A → B is a left exact
additive functor, we may thus compute the derived functors Rk F (C) as the k-th
cohomology group of the complex FI•.
The following lemma provides a simple method of constructing Waldhausen
exact models of the total derived functor RF using functorial resolutions under the
assumption that RF is cohomologically bounded.
Lemma 3.1.11. Consider a left exact functor F : A → B from a Grothendieck
category A to an Abelian category B. Assume that there exists an integer n such
that Rk FX = 0 for k > n and all X in A. Let E be an exact category and
i : E → A be a functor as in Example 3.1.4 such that (Rk F )(i(X)) = 0 for k > 0
and all X in E.
(1) The degreewise application of Fi is a Waldhausen exact functor
Fi : Kom(E)→ Kom(B).
(2) Assume that every injective object in A is isomorphic to an object in
E. Furthermore, we assume that G• : Kom(A) → Kom(E) is an ad-
ditive Waldhausen exact functor and that there exists a functorial quasi-
isomorphism η : idKom(A)
∼−→ iG• . Then the k-th cohomology Hk(FiG•)
agrees with Rk F .
Proof. We use Lemma 3.1.8 to verify that Fi : Kom(E)→ Kom(B) is Wald-
hausen exact. By assumption, Fi takes exact sequences to exact sequences. Let
X• be an acyclic complex in Kom(E). Then the long exact cohomology sequences
for the exact sequences





R1 F (ker ∂kiX) ∼= R
n+1 F (ker ∂k−niX ) = 0
for all integers k. Thus, Fi takes acyclic complexes to acyclic complexes. This
proves Assertion (1).
Let now α : C• ∼−→ iI• be a DG-injective resolution of the complex C• in
Kom(A). By the Waldhausen exactness of Fi and G• we obtain the following
zigzag of quasi-isomorphisms
FiI• ∼
Fη // FiG•(iI) FiG•(C)∼
FiG•αoo
inducing isomorphisms Rk F (C) ∼= Hk(FiG(C)). 
3.2. The Tensor Product on Chain Complexes
Let A be an Abelian category satisfying (Ab5). If R is a ring (always assumed
to be associative with unity), we can consider the category of left R-objects R-A.
The objects of this category are pairs (X,φ), where X is an object of A and φ is a
ring homomorphism
φ : A→ EndA(X).
The morphisms from (X,φ) to (Y, ψ) consist of those morphisms f : X → Y in
A satisfying fφ = ψf . It is well-known that R-A is again an Abelian category
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satisfying (Ab5), see e.g. [Pop73], Theorem 4.2. Furthermore, if (X,φ) is in R-A
the functor
Y 7→ HomA(X,Y )
from the category A into the category of right R-modules has a right exact left
adjoint (−)⊗RX satisfying R⊗RX = X and commuting with filtered direct limits
(loc. cit., Theorem 7.2).
Definition 3.2.1. An object X in R-A is called flat if the functor (−)⊗RX is
exact, i. e. takes short exact sequences of right R-modules to short exact sequences
in A.
Proposition 3.2.2. Let X be an object in R-A. The following are equivalent:
(1) The object X is flat.
(2) For every acyclic complex M• of right R-modules, the complex M• ⊗R X
is acyclic.
(3) For every finitely generated right ideal I of R, the canonical morphism
I ⊗R X → R⊗R X = X is injective.
Proof. The proof is fairly standard and works in the same way as for the case
of left R-modules, see [Bou89], Chapter I, §2. 
We denote by Kom(R) the category of complexes of left R-modules and by
Kom(Rop) the category of complexes of right R-modules, i. e. of left modules over
the opposite ring Rop.
If M• is in Kom(Rop) and if X• is a complex of left R-objects, the tensor
product (M ⊗R X)• is the complex in Kom(A) with





∂(m⊗ x) = m⊗ ∂(x) + (−1)i∂(m)⊗ x
for m ∈M i, x an element of Xk−i. The functor ((−)⊗R X)• is left adjoint to the
functor
Kom(R-A)→ Kom(Rop), Y • 7→ Hom•A(X,Y ).
Note that the sign convention ensures (M ⊗R (X[1]))• = (M ⊗R X)[1]•.
Definition 3.2.3. A complex X• in Kom(R-A) is said to be DG-flat if Xi is
flat for i ∈ Z and if for each acyclic complex M• of right R-modules, the complex
(M ⊗R X)• is acyclic.
Since filtered direct limits are assumed to be exact in A, it does in fact suffice
to consider bounded above complexes of right R-modules in order to check DG-
flatness. If R is a right Noetherian ring, one can further reduce to considering
complexes of finitely generated modules.
Proposition 3.2.4. Let R be a right Noetherian ring. Then a complex X• in
Kom(R-A) is DG-flat if and only if Xi is flat for every i ∈ Z and for every bounded
above, acyclic complex of finitely generated right R-modules M• the complex (M⊗R
X)• is acyclic.
Proof. We prove the nontrivial implication. Let M• be an acyclic complex
of right R-modules. To show that (M ⊗R X)• is acyclic, it suffices to prove that
M• can be written as direct limit over a filtered system of bounded above acyclic
subcomplexes of finitely generated R-modules.
Let P • and Q• be two bounded above acyclic subcomplexes of M• such that
Pn and Qn are finitely generated for all n ∈ Z. We may assume w. l. o. g. that
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Pn = Qn = 0 for n > 0. We will construct inductively a bounded above acyclic
subcomplex S• of finitely generated R-modules containing both P • and Q•. For
n > 0 set Sn = 0. If Sn+1 is already constructed, let
Sn = Pn +Qn +K
where K is any choice of a finitely generated submodule of Mn such that
∂n(K) = ker ∂n+1 : Sn+1 → Sn+2.
Since R is supposed to be right Noetherian, ker ∂n+1 is finitely generated and
therefore, such a choice is possible. Clearly, ∂n restricts to a map Sn → Sn+1 and
S• thus becomes a subcomplex of M• with the desired properties. This shows that
the system of all bounded above acyclic subcomplexes of finitely generated modules
of M• is filtered.
Let now m ∈Mk and consider the following subcomplex S•. We set Sn = 0 for
n > k+1 and let Sk+1 and Sk be the modules generated by ∂x and x, respectively.
If Sn+1 is already constructed, we let Sn be any finitely generated submodule of
Mn such that ∂(Sn) generates ker ∂n+1 : Sn+1 → Sn+2. Then S• is a bounded
above acyclic subcomplex of M• with finitely generated modules in each degree
and with x ∈ Sn. This shows that M• is the direct limit of its bounded above
acyclic subcomplexes of finitely generated modules. 
Proposition 3.2.5. Let R be a ring and A be an Abelian category satisfying
(Ab5). Then:
(1) Any strictly bounded above complex of flat objects in Kom(R-A) is DG-
flat.
(2) Any filtered direct limit of DG-flat complexes in Kom(R-A) is DG-flat.
Proof. Let X• be a strictly bounded above complex of flat objects in the
category Kom(R-A) and M• be a strictly bounded above acyclic complex of right
R-modules. The two spectral sequences of the double complex X• ⊗R M• are
third quadrant spectral sequences. In particular, they are convergent. Since the
complexes Xi ⊗R M• are acyclic, it follows that the total complex (X ⊗R M)• is
acyclic, too. This proves the first assertion.
The second assertion is true because the tensor product commutes with filtered
direct limits and those limits are assumed to be exact. 
We will now turn to the concept of flat dimension.
Definition 3.2.6. Let R be a ring. A complex X• in Kom(R-A) has flat
dimension smaller than or equal to d if X• is quasi-isomorphic to a DG-flat complex
F • with Fn = 0 for n < −d.
Proposition 3.2.7 (L.L. Avramov, H.-B. Foxby). Let R be a ring and X• be
a DG-flat complex in Kom(R-A). The following statements are equivalent:
(1) X• has flat dimension smaller than or equal to d.
(2) For every complex M• of right R-modules with Hn(M•) = 0 for n < k,
one has Hn((M ⊗R X)•) = 0 for n < k − d.
(3) Hn(X•) = 0 for all n < −(d+ 1) and H−(d+1)(R/J ⊗RX•) = 0 for every
right ideal J of R.
(4) Hn(X•) = 0 for n < −d and coker ∂−(d+1) is flat.
(5) τ≥−dX• is DG-flat and the map X• → τ≥−dX• is a quasi-isomorphism.
Proof. L.L. Avramov and H.-B. Foxby state the result for complexes of R-
modules in [AF91], Theorem 2.4.F, but their proof remains valid in this more
general setting. 
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We will now discuss a common situation in which a functor F • preserves DG-
flatness and the finiteness of flat dimension.
Definition 3.2.8. Let A, B be Abelian categories satisfying (Ab5) and
F • : A→ Kom(B)
be an additive functor. We extend F • to a functor F • : Kom(A) → Kom(B) by








F k(∂n−kX ) + (−1)
n−k∂kF (Xn−k).
Note that this sign rule implies F (X[1])• = F (X)[1]•. Moreover, if R is a ring,
then F • defines in the obvious way an additive functor
F • : Kom(R-A)→ Kom(R-B).
For complexes C•, D• in Kom(A) we set
φ : Hom•A(C,D)→ Hom
•
B(F (C), F (D)),













We use this map to define the following transformation.
Definition 3.2.9. Let M• be a complex in Kom(Rop), X• be a complex in
Kom(R-A). The natural transformation
t : (M ⊗R F (X))• → F •(M ⊗R X)
is given by the image of id(M⊗RX) under the composition









B(F (X), F (M ⊗R X)))

HomKom(B)((M ⊗R F (X))•, F •(M ⊗R X)).
Remark 3.2.10.
(1) Note that t is also natural with respect to F •, i. e. if α : F • → G• is
a natural transformation of functors F •, G• : A → Kom(B), then the
following diagram commutes for all X• in Kom(R-A):







F •(M ⊗R X)
α // G•(M ⊗R X)
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(2) Let S be another ring and M• a complex of S-R-bimodules, i. e. of S-
objects in the category of left Rop-modules. If N• is in Kom(Sop) and X•
is in Kom(R-A), there exists a natural associativity isomorphism
a : ((N ⊗S M)⊗R X)• → (N ⊗S (M ⊗R X))•
and by construction, the following diagram commutes for any F • : A →
Kom(B):
((N ⊗S M)⊗R F (X))•








F •(N ⊗S (M ⊗R X))//
F•(a)



















We need an additional assumption to ensure that the natural transformation t
is a quasi-isomorphism.
Definition 3.2.11. Let A,B be Abelian categories satisfying (Ab5). We say
that a functor F • : Kom(A) → Kom(B) commutes weakly with filtered direct
limits if the canonical morphism
l : lim−→
i∈I
F •(Xi)→ F •(lim−→
i∈I
Xi)
is a quasi-isomorphism for every filtered direct system (X•i )i∈I of complexes in
Kom(A).
Now, we can prove the following result.
Proposition 3.2.12. Let R be a right Noetherian ring, A,B be Abelian cat-
egories satisfying (Ab5) and F • : A → Kom(B) be an additive functor. Assume
that its extension F • : Kom(A) → Kom(B) is Waldhausen exact and commutes
weakly with filtered direct limits.
(1) For every DG-flat complex X• in Kom(R-A) and every complex of right
R-modules M• the natural morphism
t : (M ⊗R F (X))• → F •(M ⊗R X)
is a quasi-isomorphism. It is an isomorphism if M• is a bounded complex
of finitely generated modules.
(2) The functor F • takes DG-flat complexes in Kom(R-A) to DG-flat com-
plexes in Kom(R-B).
(3) If there exists a number d such that Fn(X) = 0 for every n < d and
every object X in A, then F • takes complexes of finite flat dimension to
complexes of finite flat dimension.
Proof. Assume that X• is DG-flat. We proceed in several steps.
Step 1. The functor M 7→ Fn(M ⊗X) is additive and exact on the category
of right R-modules. In particular, the natural morphism
M ⊗R Fn(X)→ Fn(M ⊗R X)
is an isomorphism for every finitely presented, and hence, for every finitely gen-
erated right R-module M . This in turn implies that I ⊗R Fn(X) → Fn(X) is
injective for every right ideal I of R.
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Step 2. Assume now that M• is a bounded complex of finitely generated




M i ⊗R Xn−i,













is an isomorphism and by naturality, it commutes with the respective differentials.
Step 3. Let M• be any complex of right R-modules. Then M• can be written as
the filtered direct limit of its bounded subcomplexes of finitely generated modules.
By assumption, F commutes weakly with filtered direct limits; thus, the natural
morphism
t : (M ⊗ F (X))• → F •(M ⊗X)
is a quasi-isomorphism. As F is exact, it takes acyclic complexes to acyclic com-
plexes. In particular, (M ⊗ F (X))• is acyclic if this is the case for M•. We now
apply Lemma 3.1.8 to conclude that F • is Waldhausen exact.
Step 4. We will prove that F • preserves the finiteness of the flat dimension if
it is bounded below. To see this, we may assume w. l. o. g. that X• is a bounded
below DG-flat complex in Kom(R-A). But then, F •(X) is bounded below and
DG-flat as well. Hence, by Proposition 3.2.7, it is of finite flat dimension. 
3.3. Perfect Complexes of R-Modules
We recall the following standard definitions.
Definition 3.3.1. A complex P • of left R-modules is strictly perfect if P i is
finitely generated and projective for all i ∈ Z and P i = 0 for almost all i ∈ Z.
A complex is perfect if it is quasi-isomorphic to a strictly perfect complex in the
category Kom(R) of complexes of left R-modules.
We let P(R) denote the category of perfect complexes and PDG(R) be the
subcategory of P(R) consisting of the DG-flat perfect complexes of left R-modules.
Assuming the well-known fact that the category of perfect complexes is a strictly
complicial biWaldhausen category, it is almost immediate that the same holds for
PDG(R). Since we need some intermediate results in later calculations, we shall
nevertheless discuss the proof below.
Lemma 3.3.2. Let F • be a perfect complex.
(1) There exists a strictly perfect complex P • and a quasi-isomorphism
w : P • ∼−→ F •.
(2) Any morphism f : P • → F • with P • strictly perfect can be factored into a
degreewise split-injective morphism f ′ : P •  Q• between strictly perfect
complexes followed by a quasi-isomorphism w : Q• ∼−→ F •.
(3) For any endomorphism f of F • and any quasi-isomorphism w : P • ∼−→ F •
with P • strictly perfect there exists an endomorphism f ′ of P • and a chain
homotopy h : fw ⇒ wf ′.
Proof. We proceed in several steps.
Step 1. Given a quasi-isomorphism s : F • ∼−→ P • with P • strictly perfect one
follows the dual of the construction given in [GM96], Section III.5.24, to obtain
a quasi-isomorphism t : P • ∼−→ F • together with a homotopy h : idP• ⇒ st. (Note
that in this construction, it is not necessary to require F • to be bounded above.)
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Step 2. If F • is perfect, then by the usual fraction calculus, there exists a zigzag
of quasi-isomorphisms
F •
∼←− G• ∼−→ P •
with P • strictly perfect. By Step 1, we obtain a quasi-isomorphism P • ∼−→ G•.
This proves (1).
Step 3. Let f : P • → F • be any morphism with P • strictly perfect and choose a
quasi-isomorphism w′ : Q′• ∼−→ F • where Q′• is again strictly perfect. Let p : (P ×hF
Q′)• → P •, q : (P ×hF Q′)• → Q′• denote the canonical projections and let k : fp⇒
w′q be the canonical homotopy. By Step 1 we get a quasi-isomorphism
r : P • ∼−→ (P ×hF Q′)•.
and a chain homotopy ` : pr ⇒ idP• . Setting f ′′ = qr and h = f`+ kr we obtain a
chain homotopy h : f ⇒ w′f ′′.
Step 4. The mapping cylinder of the f ′′ constructed in Step 3 is again strictly
perfect. By its universal property there exists a morphism w : Cyl(f ′′)• → F • such


















The right hand triangle implies that w is a quasi-isomorphism. The left hand
triangle is hence the desired factorisation of f . This proves (2).
Step 5. Applying Step 3 to the composition of the endomorphism f of F • with
the given weak equivalence w : P • ∼−→ F • we obtain (3). 
Lemma 3.3.3. Let
A• → B• → C• → A[1]•
be a distinguished triangle in the derived category of complexes of R-modules. If
two of the three complexes A•, B•, and C• are perfect, then so is the third.
Proof. By shifting the triangle, we may assume w. l. o. g. that A• and B• are
perfect. Using Lemma 3.3.2, we may even assume that they are strictly perfect
and that a : A• → B• is a true morphism of complexes. The complex C• is then
quasi-isomorphic to the strictly perfect complex Cone(a)•. 
Proposition 3.3.4. The category P(R) and PDG(R) are strictly complicial
biWaldhausen category.
Proof. We give the proof for PDG(R). Clearly, PDG(R) is additive and
closed under shifts. Let
0 // A•
f // B•
g // C• // 0
be an exact sequence in the category of complexes of left R-modules with A• and
C• in PDG(R). If M• is a complex of right R-modules, the sequence
0 // (M ⊗R A)• // (M ⊗R B)• // (M ⊗R C)• // 0
is still exact since each Ck is flat. The associated long exact cohomology sequence
shows that the DG-flatness of the complexes A• and C• implies the DG-flatness
of B•. By Lemma 3.3.3, the complex B• is perfect. Hence, B• is in PDG(R). By
Proposition 3.1.1 we conclude that PDG(R) is a strictly complicial biWaldhausen
category. The proof for P(R) follows along the same lines. 
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Proposition 3.3.5. For all i ≥ 0,
Ki(R) ∼= Ki(PDG(R)) ∼= Ki(P(R)).
Proof. By Lemma 3.3.2, we may apply the approximation theorem ([TT90],
Theorem 1.9.1) to the inclusions SP(R) → PDG(R) → P(R), where SP(R) is
the category of strictly perfect complexes. The Waldhausen K-groups of SP(R)
are known to agree with the algebraic K-groups of the ring R, see loc. cit., Theo-
rem 1.11.2 and Theorem 1.11.7. 
We end this section with the following lemma, which we will use in Chapter 5.
Lemma 3.3.6. Let R be a ring and F • a complex in PDG(R) with Hk(F •) = 0
for k > n. Then for every right R-module M , the natural transformation
M ⊗R Hn(F •)→ Hn(M ⊗R F •)
is an isomorphism and
M ⊗R Zn(F •)→ Zn(M ⊗R F •)
is an epimorphism.
Proof. We may assume w. l. o. g. that F k = 0 for k > n. One then sees
immediately that the functor M 7→ Hn(M ⊗RF•) from right R-modules to abelian
sheaves is right exact. Choose a free presentation
P1 → P0  M
of M . Since cohomology commutes with arbitrary direct sums the following com-
mutative diagram proves the first claim:
P1 ⊗R Hn(F •) //
∼=

P0 ⊗R Hn(F •)
∼=

// M ⊗R Hn(F •)

// 0
Hn(P1 ⊗R F •) // Hn(P0 ⊗R F •) // Hn(M ⊗R F •) // 0
Clearly,
M ⊗R Bk(F •)  Bk(M ⊗R F •)
is surjective for every k ∈ Z. Hence, the following commutative diagram proves the
second claim:
M ⊗R Bn(F •) //

M ⊗R Zn(F •) //









Perfect Complexes of Etale Sheaves
As we have seen in the previous chapter, the category of complexes over the
Abelian category of étale sheaves of R-modules is in a natural way a Waldhausen
category. However, the usual Eilenberg swindle shows that its K-theory is trivial.
To obtain an interesting K-theory, one has to impose appropriate compactness
conditions. For our purposes, the notion of a perfect complex of étale sheaves is
well suited. This notion was introduced by P. Deligne in [Del77], Rapport.
More importantly, we also need to construct Waldhausen exact functors that
model the functors that are usually defined on the level of the derived categories of
étale sheaves. In particular, we will construct models for tensor products, higher
direct images, and higher direct images with proper support.
If we were solely interested in higher direct images, we could proceed as follows.
The subcategory in the category of perfect complexes consisting of bounded below
complexes of injective sheaves is again a Waldhausen category and the natural
inclusion functor induces a homotopy equivalence of the associatedK-theory spaces.
On those complexes of injective sheaves, the higher direct image functor can then
be simply defined by degreewise application of its non-derived version. However, it
would not be obvious to define a Waldhausen exact model for the tensor product
on the same subcategory.
Instead, we use Godement resolutions to define higher direct images. To obtain
a Waldhausen exact functor that models the tensor product, we restrict to the
category of DG-flat perfect complexes. Since Godement resolutions preserve DG-
flatness, we can interchange the formation of tensor products and higher direct
images up to an explicit quasi-isomorphism.
Moreover, we get a quasi-isomorphism that compares the higher direct image
of the composition g ◦ f of morphisms of schemes f : X → Y and g : Y → Z with
the composition of the higher direct images of g and f . This quasi-isomorphism
might be interpreted as a Waldhausen model for the Leray spectral sequence.
The definition of higher direct images with proper support of a separated mor-
phism of schemes f : X → Y is more complicated. This is largely due to the
fact that the usual construction of the corresponding functor between the derived
categories involves a choice of a compactification of f . In that context, the par-
ticular choice of the compactification does not matter, since the resulting functors
for two different choices are isomorphic. The same construction in our Waldhausen
category only yields a quasi-isomorphism pointing into one direction, but no coun-
terpart pointing into the inverse direction. To obtain a canonical construction of
the functor, we have to take the direct limit over all compactifications of f . This
works, but it also adds a thick layer of technical subtleties.
Again, we want to be able to compare the higher direct image with proper
support of a composition of morphisms with the composition of the higher direct
images with proper support. However, this time, there does not exist a direct com-
parison morphism. Instead, we can only construct a chain of quasi-isomorphisms
between the two functors. Fortunately, this suffices for our applications.
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The construction of the K-theory space as well as the construction of the higher
direct images with proper support raises some set-theoretical questions. The cat-
egory of DG-flat perfect complexes is a priori neither small nor essentially small.
The category of compactifications of a separated morphisms f is essentially small,
but we prefer not to replace it by its skeleton category and to talk about actual
compactifications instead of their isomorphism classes.
To avoid these set-theoretical problems, we may fix three universes U1 ∈ U2 ∈
U3 as defined in the appendix of [AGV72a], Exposé I. In particular, we assume the
two additional axioms of set theory stated there. All schemes and rings that we will
consider are assumed to be contained in the universe U1. The complexes of modules
and sheaves derived from those schemes and rings are taken to be objects of the
universe U2. The corresponding categories are then small categories with respect
to the universe U3, such that we can define their Waldhausen K-theory spaces. (In
fact, their K-groups turn out to be isomorphic to objects in U1.)
The chapter is structured as follows. In Section 4.1 we introduce the sub-
category PDG(X,R) of DG-flat perfect complexes in the category Kom(X,R)
of complexes of étale sheaves of R-modules. In Section 4.2 we deduce the basic
properties of the Godement resolution in our context. We then use the Godement
resolution functor to define Waldhausen exact models for the higher direct image
functor in Section 4.3. This section also contains the construction of the exten-
sion by zero functor and various comparison quasi-isomorphisms. In Section 4.4 we
prove that the categories of compactifications of separable morphisms, as well as
pairs and triples of composable separable morphisms are cofiltered. This result and
the constructions in the previous section will be used in Section 4.5 to construct the
Waldhausen exact model for the higher direct image functor with proper support.
In Section 4.6 we construct Waldhausen exact models for the total derived section
functor and the total derived section functor with proper support. These functors
will take values in the category of DG-flat perfect complexes of R-modules.
4.1. Complexes of Etale Sheaves
Let K be a field. We will denote by SchK the category of schemes of finite
type over SpecK. If X is in SchK , then we shall denote by X = X ×K SpecK
the base change with respect to a fixed separable closure K of K. Open and closed
immersion will be indicated by using the notationX ↪→◦ Y andX ↪→p Y , respectively.
By an étale sheaf F on a scheme X we shall always mean a sheaf on the small
étale site Xét, i. e. the objects of the site are the étale schemes of finite type over
X, the morphisms are the X-morphisms and a covering of an object Y is a family
(gi : Ui → Y )i∈I of X-morphisms (automatically étale) with
⋃
gi(Ui) = Y .
The closed points of a scheme X will be denoted by X0. If X is in SchK , then
the points in X
0
form a conservative family of points for Xét, i. e. two morphisms
f, g : F → G of étale sheaves on X are equal if the induced maps fx, gx on the stalks
are equal for all x ∈ X0 and f is an monomorphism, epimorphism or isomorphism
if and only if fx has the same property for all x ∈ X
0
(see [Mil80], Chapter II,
Remark 2.17).
For any ring R (still assumed to be associative with unity) we shall denote
the category of complexes of étale sheaves of left R-modules on X by Kom(X,R).
Trivially, this is a strictly complicial biWaldhausen category. Furthermore, we note
that an étale sheaf of R-modules is nothing else than an R-object in the category
of Abelian étale sheaves and that the latter category is a Grothendieck category.
In particular, we may apply the theory developed in the previous chapter.
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Proposition 4.1.1. Let R be a ring, X be in SchK , and let F• be a complex
in Kom(X,R). The following statements are equivalent:
(1) F• is DG-flat.
(2) For every x ∈ X0 the complex of left R-modules F•x is DG-flat.
(3) For every bounded above acyclic complex of sheaves of right R-modules G•
and every n ∈ Z the complexes (G ⊗R F)• and G• ⊗R Fn are acyclic.
Proof.
(2)⇒ (3). For every x ∈ X0, every complex of sheaves of right R-modules G•
and every complex of sheaves of left R-modules F• one has
(G ⊗R F)•x ∼= (Gx ⊗R Fx)•.
Using that X
0
is a conservative family of points, we see that the acyclicity of
the complexes (G ⊗R F)• and G• ⊗R Fn is implied by the acyclicity of the corre-
sponding complexes of stalks, which in turn follows directly from the definition of
DG-flatness.
(1)⇔ (2). This is an immediate consequence of X0 being a conservative family
of points.
(3)⇒ (1). Trivial. 
We will now assume additionally that R is a (right and left) Noetherian ring.
Recall from [AGV72c], Exposé IX, §2, that a sheaf F of R-modules on a scheme
X in SchK is constructible if and only if there exists a surjection
f!R  F
for some étale morphism f : Y → X of finite type. Here, for any sheaf F on Y ,





where Vϕ is the object V
ϕ−→ Y in Yét.
Definition 4.1.2. Let R be a Noetherian ring and X be a scheme in SchK . A
complex F• of sheaves of left R-modules on X is called strictly perfect if it is strictly
bounded and each Fn is constructible and flat. A complex is called perfect if it
is quasi-isomorphic to a strictly perfect complex within the category Kom(X,R).
We will denote by PDG(X,R) the category of DG-flat perfect complexes on X.
Perfect complexes admit the following alternative characterisation, see also
[Del77], Rapport, Proposition 4.6.
Proposition 4.1.3. Let R be a Noetherian ring and X be a scheme in SchK .
Assume that F• is a complex in Kom(X,R) with constructible cohomology sheaves
which vanish above degree n. Then there exists a DG-flat complex G• of con-
structible sheaves with Gk = 0 for k > n and a quasi-isomorphism G• → F•.
In particular, a complex F• is perfect if and only if it is cohomologically bounded,
of finite flat dimension and all its cohomology sheaves are constructible.
Proof. In [Del77], Rapport, Lemma 4.7, P. Deligne constructs a quasi-iso-
morphism G• → F• with Gk flat and constructible for all k and Gk = 0 for k > n. It
remains to notice that according to Proposition 3.2.5, every bounded above complex
of flat sheaves is already DG-flat.
Assume additionally that F• is of finite flat dimension d. Then, by Proposi-
tion 3.2.7, τ≥−dG• is strictly perfect and we have a chain of quasi-isomorphisms
τ≥−dG• ∼←− G• ∼−→ F•.
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
Corollary 4.1.4. Let R be a Noetherian ring, X be a scheme in SchK . Then
PDG(X,R) is a strictly complicial biWaldhausen category.
Proof. Let
0 // F• // G• // H• // 0
be an exact sequence of complexes of sheaves of R-modules on X such that F•
and H• lie in PDG(X,R). By the same argument as in Proposition 3.3.4 the
complex G• is also DG-flat. The associated long exact cohomology sequence shows
that G• is cohomologically bounded and of finite flat dimension. Furthermore,
[AGV72c], Exposé IX, Proposition 2.6, implies that its cohomology sheaves are
constructible. Hence, we conclude by Proposition 4.1.3 that PDG(X,R) is closed
under extensions. Since it is also closed under shifts, it is a strictly complicial
biWaldhausen category. 
Remark 4.1.5. It is not hard to give a sensible definition of strictly perfect
complexes even if R is not supposed be Noetherian. However, in this case, it is
no longer clear that the corresponding category PDG(X,R) of complexes quasi-
isomorphic to strictly perfect complexes is closed under extensions. The argument
analogous to the proof of Proposition 3.3.4 fails. Moreover, note that for non-
Noetherian rings R, perfect complexes in PDG(R) do not necessarily have finitely
generated cohomology modules. Hence, a characterisation as in Proposition 4.1.3
does not exist.
4.2. Godement Resolutions
Let X be a scheme in SchK and let
t : X
0 → X
denote the composition of the morphism X
0 → X with the base change X → X.
For an Abelian étale sheaf F on X we let
d(F) : F → t∗t∗F
denote the unit of the adjunction. Further, we set for n ≥ 0






(−1)i t∗t∗ . . . t∗t∗︸ ︷︷ ︸
i
d(t∗t∗ . . . t∗t∗︸ ︷︷ ︸
n−i+1
F) : (GX F)n → (GX F)n+1.
For n < 0 we set (GX F)n = 0. As described in Definition 3.2.8, we extend G•X to
complexes of sheaves.
Definition 4.2.1. The additive functor
G•X : Kom(X,R)→ Kom(X,R).
is called the Godement resolution.
Remark 4.2.2. Godement resolutions were introduced by R. Godement in
[God58]. Some authors also consider the following alternative construction for the
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Godement resolution of a sheaf F :
G̃
0


















The resulting complex G̃
•
X(F) would have the same properties that we prove for
G•X(F) below.
Lemma 4.2.3. The morphism of complexes
d : F• → G•X(F)
is a quasi-isomorphism.
Proof. Let F be an Abelian sheaf on X. Since the composition
t∗F t
∗d // t∗t∗t∗F // t∗F
is the identity and X
0
is a conservative family of points, it follows as in [God58],
Appendix, §5, that d : F → (GX F)• is a quasi-isomorphism. If F• is a bounded
below complex, one can deduce the corresponding statement by the usual argument
from the spectral sequence of the first quadrant double complex G•X F•. In general,





and because injective limits over filtered systems are exact. 
Lemma 4.2.4. Let (F•i )i∈I be a filtered system of complexes in Kom(X,R).
Then the natural transformation
lim−→
i∈I























By Lemma 4.2.3 and by the exactness of filtered injective limits the indicated
morphisms are quasi-isomorphisms. 
The essential property of the Godement resolution is that it can be used to
define a Waldhausen exact model for the total derived section functor in the sense
of Lemma 3.1.11. More precisely, it produces a canonical flabby resolution.
Definition 4.2.5. A sheaf F of left R-modules on X is called flabby if for
every étale map U → X of finite type one has
Hiét(U,F) = 0
for i > 0. The category of complexes of flabby sheaves in Kom(X,R) will be
denoted by Flb(X,R).
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By looking at the long exact cohomology sequence associated to a short exact
sequence it is easy to see that Flb(X,R) is closed under extensions and obviously, it
is also closed under shifts. Hence, Flb(X,R) is a strictly complicial biWaldhausen
category.
Proposition 4.2.6. The Godement resolution is a Waldhausen exact functor
G•X : Kom(X,R)→ Flb(X,R).
Proof. Since the schemes U in SchK are Noetherian, the functors
F 7→ Hiét(U,F)
commute with filtered direct limits ([AGV72b], Exposé VI, Corollary 5.3). In
particular, arbitrary direct sums of flabby sheaves are again flabby.
If F is a sheaf of left R-modules on X, then clearly, the sheaf G0X(F) is flabby.
Hence, for any complex F• in Kom(X,R), the Godement resolution G•X(F) is
a complex of flabby sheaves. Obviously, the additive functor G•X takes exact se-
quences to exact sequences and by Lemma 4.2.3, acyclic complexes to acyclic com-
plexes. By Lemma 3.1.8 we may conclude that G•X is Waldhausen exact. 
Remark 4.2.7. If F is a sheaf of left R-modules, then the Godement resolution
is even a canonical resolution by flasque sheaves, i. e. for each n ≥ 0 and each sheaf
S of sets one has
ExtiX(S,G
n F) = 0
for i > 0. However, an arbitrary direct sum of flasque sheaves might no longer
be flasque. In particular, this notion is not useful for Godement resolutions of
unbounded complexes.
Corollary 4.2.8. Let R be a Noetherian ring. The Godement resolution is a
Waldhausen exact functor
G•X : PDG(X,R)→ PDG(X,R).
Proof. By Proposition 4.2.6, the functor
G•X : Kom(X,Z)→ Kom(X,Z).
is Waldhausen exact and by Lemma 4.2.4, it commutes weakly with filtered direct
limits. Hence, we may apply Proposition 3.2.12 to see that G•X takes DG-flat
complexes of finite flat dimension to DG-flat complexes of finite flat dimension.
By Lemma 4.2.3 it is clear that G•X preserves cohomological boundedness and
the constructibility of the cohomology sheaves. The characterisation of perfect
complexes in Proposition 4.1.3 implies that G•X preserves perfectness. 
4.3. Higher Direct Images and Extensions by Zero
Before we construct the total derived functor of higher direct images on the
Waldhausen categories Kom(X,R) and PDG(X,R), we recall some basic relations
between inverse images and direct images on the category of étale sheaves.
Let f : X → Y and g : Y → Z be two morphisms in SchK . If F is an Abelian
étale sheaf on X, then there exists an obvious isomorphism
c(g, f) : (g ◦ f)∗F → g∗f∗F .
If e, f, g are three composable morphisms, then the following associativity diagram
is commutative:




(g ◦ f)∗e∗ // g∗f∗e∗
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Since f∗ is left adjoint to f∗, one also has a natural isomorphism
c(g, f) : (g ◦ f)∗F → f∗g∗F
which satisfies a corresponding associativity condition.











there exists a natural morphism
b : f∗g∗ → g′∗f ′∗.
It is defined as the composition
f∗g∗ → f∗g∗f ′∗f ′∗ → f∗(g ◦ f ′)∗f ′∗ → f∗f∗g′∗f ′∗ → g′∗f ′∗.
This is the usual base change morphism if the diagram is Cartesian.
The morphism b is compatible with compositions of commutative squares, i. e.
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For the identity morphism idX of X there exist natural isomorphisms idX∗F ∼=
F and id∗XF ∼= F . For reasons of notational convenience we shall assume that
for the chosen explicit constructions of the direct and inverse images, these isomor-
phisms are the identity.
To be able to apply Lemma 3.1.11 in order to construct a model for the higher
direct image functor, we need to know that f∗ is of finite cohomological dimension.
This true if we restrict to the category of torsion sheaves. Although this fact is well
known, it is difficult to find a precise reference for it in the literature. Therefore,
we will give the proof below.











where sX : X → X denotes the base change to the separable closure of K. For any
Abelian étale sheaf F on X and any integer k one has
s∗Y R
k f∗F ∼= Rk f∗s∗XF .
Proof. For any field extension L/K in the separable closureK and any scheme
X in SchK , write
XL = X ×SpecK SpecL
uL−−→ X











Since uL is an étale morphism, the base change morphism
b : u∗L R
k f∗F → Rk fL∗u∗LF











k f∗F ∼= s∗Y R
k f∗F .

Corollary 4.3.2. Let f : X → Y be a morphism in SchK . Then
Rk f∗F = 0
for every Abelian étale torsion sheaf F and every k > 2 dimX.
Proof. It suffices to show that the stalk (Rk f∗)y is zero for every closed point
y of Y . According to the previous lemma, we may check this after base change to
the separable closure of K. The claim then follows from [AGV72c], Exposé X,
Corollary 4.3 and Corollary 5.2. 
Definition 4.3.3. Let R be a finite ring, f : X → Y a morphism in SchK . For
a complex F• in Kom(X,R) we set
Rf∗F = f∗GX F ∈ Kom(Y,R).
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Proposition 4.3.4. Let K be a field and R be a finite ring. For each morphism
f : X → Y in SchK , the functor
Rf∗ : Kom(X,R)→ Flb(Y,R)
is a Waldhausen exact functor that computes the higher derived images of f . If f
is proper or the characteristic of K is either 0 or a unit in R, then it restricts to a
Waldhausen exact functor
Rf∗ : PDG(X,R)→ PDG(Y,R).
Moreover, for every M• in Kom(Rop) and every F• in PDG(X,R), the canonical
morphism
t : (M ⊗R Rf∗F)• → Rf∗(M ⊗R F)•
is a quasi-isomorphism.
Proof. Let A be the Grothendieck category of étale sheaves of Abelian torsion
groups on X. The functor f∗ takes flabby sheaves to flabby sheaves ([Mil80],
Chapter III, Corollary 2.13), and is acyclic for flabby sheaves. By Corollary 4.3.2,
it is of finite cohomological dimension.
Thus, we may apply Lemma 3.1.11 to see that f∗ is a Waldhausen exact func-
tor from Flb(X,R) to Flb(Y,R) taking cohomologically bounded complexes to
cohomologically bounded complexes and that f∗G•X computes the higher derived
images of f .
Furthermore, the functor f∗ commutes with filtered direct limits ([AGV72b],
Exposé VII, Proposition 3.3). In particular, the composition with G•X fulfills the
premises of Proposition 3.2.12. This implies that the morphism t in the statement is
a quasi-isomorphism and that Rf∗ takes DG-flat complexes of finite flat dimension
to DG-flat complexes of finite flat dimension.
It remains to show that for a complex F• in PDG(X,R), the complex Rf∗F•
has constructible cohomology sheaves. By Proposition 4.1.3, we may assume that
F• is strictly perfect. The assertion then follows from [Del77], Th. finitude,
Theorem 1.1, using the assumption that the characteristic of K is 0 or invertible in
R. If f is proper, then the assertion follows from the finiteness theorem for proper
morphisms, i. e. [AGV72c], Exposé XIV, Theorem 1.1. 
We will now extend the definition of the composition morphism c(g, f) to the
higher direct image functor.
Definition 4.3.5. If f : X → Y and g : Y → Z are two composable morphisms
in SchK , we define
c(g, f) : R(g ◦ f)∗ → (Rg∗)(Rf∗)
to be the composition
R(g ◦ f)∗ = (g ◦ f)∗G•X → g∗f∗G
•
X
g∗dY−−−→ g∗G•Y (f∗GX) = (Rg∗)(Rf∗).
Proposition 4.3.6. Let K be a field and R be a finite ring.
(1) If f : X → Y , g : Y → Z are two composable morphisms in SchK , the
canonical morphism
c(g, f) : R(g ◦ f)∗ → Rg∗Rf∗
is a quasi-isomorphism.
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(2) If e : W → X, f : X → Y , g : Y → Z are three composable morphisms,
the following diagram commutes:









Proof. In the composition
(g ◦ f)∗G•X // g∗f∗G•X
g∗dY // g∗G•Y (f∗GX) ,
the first morphism is clearly an isomorphism. By Lemma 4.2.3, d is a quasi-iso-
morphism and the same is true for g∗d because g∗ : Flb(X,R) → Flb(Y,R) is
Waldhausen exact. This proves the first assertion.
Consider the following diagram:





g∗G•Y ((f ◦ e)∗GW )













(g ◦ f)∗G•X(e∗GW ) // g∗f∗G
•
X(e∗GW )
g∗d // g∗G•Y (f∗GX e∗GW )
The commutativity of the left upper square is the associativity of the direct images,
the commutativity of the other squares follows by the naturality. This proves the
second assertion. 
We will now use the base change morphism to construct for each morphism











This morphism will be used again later in this section.
As in Section 4.2, we let
tX : X
0 → X
denote the composition of the morphism X
0 → X with the base change X → X.











For any Abelian étale sheaf F on X we define µ(f) : G0Y f∗F → f∗G
0





b−→ tY ∗f∗t∗XF → f∗tX∗t∗XF .
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One checks easily that this morphism is compatible with the unit of the adjunction
d. Therefore, we may proceed inductively and define µ(f) : GnY f∗F → f∗G
n
X F for
n > 0 to be the iterated application
tY ∗t
∗
Y · · · tY ∗t∗Y f∗ → tY ∗t∗Y · · · tY ∗t∗Y f∗tX∗t∗X → · · · → f∗tX∗t∗X · · · tX∗t∗X .
Since the differentials of G•X F are defined in terms of d, we obtain a morphism of
complexes
µ(f) : G•Y f∗F → f∗G
•
X F .
This definition extends to complexes F• of Abelian étale sheaves by taking the mor-
phism between the total complexes induced by the morphism of double complexes
µ(f) : G•Y f∗F• → f∗G
•
X F•.
This completes the definition of µ(f).
Next, we turn to the extension by zero along an open immersion.
Definition 4.3.7. Let j : U ↪→◦ X be an open immersion. The extension by




F(V ) if V → X factors through U,
0 else.
For the identity morphism idX , we adapt this construction such that idX! is the
identity.
Proposition 4.3.8. Let R be a Noetherian ring. For each open immersion
j : X ↪→◦ Y in SchK , the degreewise application of j! defines Waldhausen exact
functors
j! : Kom(X,R)→ Kom(Y,R),
j! : PDG(X,R)→ PDG(Y,R).
Moreover, for every M• in Kom(Rop) and every F• in PDG(X,R), the canonical
morphism
t : (M ⊗R j!F)• → j!(M ⊗R F)•
is an isomorphism.
Proof. Since j! is exact on Abelian sheaves in the usual cohomological sense,
the Waldhausen exactness of j! is implied by Lemma 3.1.8. By Proposition 3.2.12,
we know that t is a quasi-isomorphism, but since j! commutes honestly with direct
limits, the proof of this proposition shows that t is indeed an isomorphism. 
We will now examine various compatibility morphisms between compositions
of higher direct images and extensions by zero. The results will be used for the
construction of the model of higher direct images with proper support in Sec-
tion 4.5. The general feeling might be that every diagram with compositions of these
functors and their natural transformations is bound to commute. Unfortunately,
this turns out to be not quite true. Moreover, we stress that the direction of quasi-
isomorphisms does have some importance in our setting.
Recall that j! is a left adjoint of j∗. In particular, we have unit and counit
maps
id→ j∗j!, j!j∗ → id.
Moreover, the composition isomorphism for inverse images induces a composition
isomorphism for extensions by zero.
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Definition 4.3.9. If j : U ↪→◦ V and k : V ↪→◦ X are two open immersions, we
let
c(k, j) : (k ◦ j)! → k!j!
denote the natural isomorphism
(k ◦ j)! → (k ◦ j)!j∗j! → (k ◦ j)!j∗k∗k!j! → (k ◦ j)!(k ◦ j)∗k!j! → k!j!
This composition isomorphism fulfills again the obvious associativity condition
for triples of open immersions.
For each open immersion j : U ↪→◦ X there exists a natural injection
s : j!  j∗.
If F is a sheaf on U and Y → X is an étale morphism of finite type that factors
through j, then s(Y ) is induced by the morphism
F(Y )→ F(Y ×X U)
coming from the projection Y ×X U → Y . If Y → X does not factor through j,
then s(Y ) comes from the zero map.
















′∗ → j′!f ′∗j∗j! → j′!(j ◦ f ′)∗j! → j′!j′∗f∗j! → f∗j!
defines a natural morphism
b′ : j′!f
′∗ → f∗j!.
(Note that its direction is opposite to the direction of the base change map for direct
images.) If the diagram is Cartesian, then it is easily checked that b′ is an isomor-
phism. The morphism b′ is again compatible with compositions of commutative












If either the above square is Cartesian or the morphisms f and f ′ are proper,
there exists also a natural transformation
k : j!f ′∗ → f∗j′! .
In the Cartesian case, we note that the base change morphism b : j∗f∗ → f ′∗j′∗ is
an isomorphism since j is étale. We define k as the composition
j!f
′
∗ → j!f ′∗j′∗j′!
b−1−−→ j!j∗f∗j′! → f∗j′! .
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where j′1 ◦ j′0 = j′. Note that j′0 is an open and closed immersion. In particular,
s : j′0! → j′0∗ is an isomorphism. The morphism k is then given by the composition
j!f
′
∗ → j!f ′′∗ j′0∗ → j!f ′′∗ j′0! → f∗j′1!j′0! → f∗j′!






































































Proof. Recall that b′ is an isomorphism. Hence, the claim follows from the







































Remark 4.3.11. Note that the corresponding diagram for a commutative square
of scheme morphisms which is not Cartesian does not commute in general. Consider














62 4. PERFECT COMPLEXES OF ETALE SHEAVES
for a nontrivial open and closed immersion j. For a sheaf F on X, the composition
F = idX!F → idX!j∗j∗F → idX∗j!j∗F → idX∗id∗X idX!F = F
is the projection onto the component belonging to U , not the identity.








































such that the front and the rear face are Cartesian and such that the maps a, a′, b, b′




































Proof. This is again easily verified by replacing all extensions by zero by
direct images. 
Next, we will construct for each open immersion j : U ↪→◦ X a natural morphism


























is easily seen to be Cartesian. Hence, we may define ν(j) : j! G0U F → G
0
X j!F for






The compatibility of this morphism with d follows from Lemma 4.3.10. As before,
we can extend this morphism to a natural transformation for all complexes of
sheaves on U .
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We can now extend the definition of k to the higher direct image functor.
























Proposition 4.3.14. Let R be a finite ring.

































j′ // Y   	
k′ // Z
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Proof. We proceed in several steps to prove Assertion (1).














j′ // Y Z? _i′oo
where Z is the complement of V in Y . Using the proper base change theorem
([AGV72c], Exposé XII, Theorem 5.1) one proves that
i′∗p∗j! ∼= q∗i∗j! = 0 = i′∗j′!p′∗.
Since the restriction j′∗k to V is an isomorphism, we conclude that k : j′!p
′
∗ → p∗j!
is an isomorphism. We want to show that p∗ν(j) is a quasi-isomorphism, too.
Step 2. First, we show that the restriction of ν(j) to V ×Y X is an isomorphism.
To see this, we write j as the composition
U
j0−→ V ×Y X
j1−→ X
and note that j0 is an open and closed immersion. Since j0! ∼= j0∗ the morphism
ν(j0) : j0! G•U → G
•
V×YX j0!











is an isomorphism and thus, the same must be true for j∗1ν(j).

























we may conclude that j′∗p∗ν(j) is an isomorphism. It remains to show that
i′∗p∗ν(j) : i′∗p∗j! GU → i′∗p∗GX j!
is a quasi-isomorphism. Since
i′∗p∗j! GU ∼= q∗i∗j! GU = 0,
this amounts to showing that q∗i∗GX j! is acyclic.
Step 4. The functor i∗ : Kom(X,R)→ Kom(X×Y Z,R) is Waldhausen exact
by Lemma 3.1.8 since it is exact in the usual homological sense. In particular,
0 = i∗j!
i∗d // i∗G•X j!
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is a quasi-isomorphism according to Lemma 4.2.3. We conclude that the complex
i∗G•X(j!F) is acyclic for every complex F• in Kom(U,R).
Step 5. We must show that q∗ preserves the acyclicity of i∗G•X(j!F). Let E
be the exact subcategory of the category of sheaves of R-modules on Z ×Y X that
consists of those sheaves G with Rk q∗G = 0 for k > 0. Clearly, E is closed under
extensions. Hence, we may apply Lemma 3.1.11 to see that
q∗ : Kom(E)→ Kom(Z,R)
is Waldhausen exact. So, we are reduced to showing that i∗(GX j!F)n is in E. This
follows again by the proper base change theorem:
(Rk q∗)i∗(GX j!F)n ∼= i′∗Rk p∗(GX j!F)n = 0.
for k > 0, every n ∈ Z and every complex F• in Kom(U,R) since GX j!Fn is a
flabby sheaf.
Step 6. Now, we put things together. We have a commutative diagram with
exact rows
j′!j


















(see [Mil80], Chapter 2, Remark 3.13). Since j′!j
′∗p∗ν(j) and i′∗i
′∗p∗ν(j) are quasi-
isomorphisms by Step 3 and Step 5 and by the exactness of j′! and i
′
∗, we conclude




is a quasi-isomorphism. We have thus finished the proof of Assertion (1).
To prove Assertion (2) we consider the following diagram
(k′ ◦ j′)!p∗G•U


































































The commutativity of the upper left pentagon follows from the compatibility of
k with composition of squares. The commutativity of the quadrangle is clear by
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naturality. The commutativity of the lower pentagon can be reduced to the com-
mutativity of the diagram
(k ◦ j)! G0U F(U ′)










k!j! G0W F(U ′)kkkkkkkkkk
55
c






















for an étale sheaf F on U and an étale covering U ′ of U , which is in turn easily
checked by hand.
Likewise, for Assertion (3), we consider the diagram
k!(q ◦ p)∗G•U
















































































































q′∗j!d 66lllllll q′∗d //
As above, the commutativity of the small pentagon follows from the compatibility
of k with composition of squares. The commutativity of the squares follows by
naturality and the commutativity of the triangle is the compatibility of ν with
d. 
We will also need the following, more subtle, comparison morphism.
Definition 4.3.15. For three proper morphisms p : W → X, a : X → Y , and
q : Y → Z in SchK we define
a(q, a, p) : Rq∗R(a ◦ p)∗ → R(q ◦ a)∗Rp∗
to be the composition

















(q ◦ a)∗G•X p∗G
•
W .
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Likewise, for an open immersion j : W ↪→◦ X and proper morphisms a : X → Y ,
q : Y → Z such that a ◦ j is an open immersion we define
a(q, a, j) : Rq∗(a ◦ j)! → R(q ◦ a)∗j!
to be the composition











(q ◦ a)∗G•X j!.
The list of commutative diagrams stated below will be used only once in the
proof of Lemma 4.5.5. Everyone who is willing to believe that the assertion of the
lemma is true, is invited to skip the following pages of this section.
Proposition 4.3.16. Let R be a finite ring.
(1) Let q, a, p be proper morphisms and j be an open immersion. The mor-
phisms
a(q, a, p) : Rq∗R(a ◦ p)∗ → R(q ◦ a)∗Rp∗,
a(q, a, j) : Rq∗(a ◦ j)! → R(q ◦ a)∗j!
are quasi-isomorphisms.
(2) Let q, b, a, and p be proper morphisms, j, a ◦ j and b ◦ a ◦ j be open
immersions. Then
a(q, id, j) = id
a(q, id, p) = id
a(q, b ◦ a, j) = a(q ◦ b, a, j) ◦ a(q, b, a ◦ j)
a(q, b ◦ a, p) = a(q ◦ b, a, p) ◦ a(q, b, a ◦ p).
(3) Let r, b, q, a, and p be proper morphisms, j and a◦j be open immersions.
Then the following squares commute:




Rr∗R(b ◦ q ◦ a)∗Rp∗
a(r,b,q◦a)

R(r ◦ b)∗Rq∗R(a ◦ p)∗
R(r◦b)∗a(q,a,p) // R(r ◦ b)∗R(q ◦ a)∗Rp∗




Rr∗R(b ◦ q ◦ a)∗j!
a(r,b,q◦a)

R(r ◦ b)∗Rq∗(a ◦ j)!
R(r◦b)∗a(q,a,j) // R(r ◦ b)∗R(q ◦ a)∗j!
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(4) Let r, q, a, and p be proper morphisms, j and a ◦ j be open immersions.
Then the following diagrams commute:









// Rr∗R(q ◦ a)∗j!









// Rr∗R(q ◦ a)∗Rp∗









// R(r ◦ a)∗Rq∗Rp∗


































Rq∗R(a ◦ p)∗j′! a(q,a,p)
// R(q ◦ a)∗Rp∗j′!
commutes.
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(6) For a commutative diagram
U
  	





















 // X ′′
such that a, b, p, and q are proper morphisms, j, k, k′, k′′, a ◦ j, and
b ◦ k ◦ j are open immersions, the hexagon
k′′! Rp∗(a ◦ j)!



























































p′ // X ′
a′ // Y ′
q′ // Z ′
such that p, p′, a, a′, and q, q′ are proper morphisms, i, j, k, and ` are
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the maps a∗d are quasi-isomorphisms. For the left diagram this is the case be-
cause p∗G•W is a complex of flabby sheaves and a∗ : Flb(X,R) → Flb(Y,R) is
Waldhausen exact. For the right diagram we deduce it from the fact that
Rn a∗j!F ∼= (a ◦ j)! Rn idW∗ = 0
for n > 0 and any torsion sheaf F .
The proofs of (2)–(4) are straightforward. To prove (5), (6), and (7) one needs



















































commutes, which is an easy consequence of Lemma 4.3.12. 
We end this section with the remark that these natural transformations are also
compatible with the natural transformation t for the tensor product. We abstain
from writing down the corresponding commutative diagrams which are implied by
Remark 3.2.10.
4.4. Compactifications
Definition 4.4.1. Let e : W → X, f : X → Y , g : Y → Z be composable
separated morphism in SchK . Consider commutative diagrams








































































































where all horizontal arrows are open immersions and all diagonal arrows are proper
morphisms. The diagram C is called a compactification of f , D is a compactification
of the pair (g, f), and E is a compactification of the triple (g, f, e). Morphisms of
compactifications are morphisms of the respective diagrams such that the composite
diagram is commutative and such that the morphisms between the first columns
are the identity. We denote by Cpt(f), Cpt(g, f), and Cpt(g, f, e) the categories
of compactifications of f , (g, f), and (g, f, e), respectively.
In the following, we will use the notation introduced in the above diagrams to
refer to the various maps of a compactification. Moreover, if C is a compactification








































respectively. Thus, we obtain functors
Cpt(g, f)→ Cpt(f), C 7→ Cf ,
Cpt(g, f)→ Cpt(g), C 7→ Cg,
Cpt(g, f)→ Cpt(g ◦ f), C 7→ Cg◦f .
In the same manner, we label the various subdiagrams of a compactification of
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of C. Hence, we obtain the following list of functors
Cpt(g, f, e)→ Cpt(g, f) C 7→ Cg,f ,
Cpt(g, f, e)→ Cpt(f, e) C 7→ Cf,e,
Cpt(g, f, e)→ Cpt(g ◦ f, e) C 7→ Cg◦f,e,
Cpt(g, f, e)→ Cpt(g, f ◦ e) C 7→ Cg,f◦e,
Cpt(g, f, e)→ Cpt(e) C 7→ Ce,
Cpt(g, f, e)→ Cpt(f) C 7→ Cf ,
Cpt(g, f, e)→ Cpt(g) C 7→ Cg,
Cpt(g, f, e)→ Cpt(g ◦ f) C 7→ Cg◦f ,
Cpt(g, f, e)→ Cpt(f ◦ e) C 7→ Cf◦e,
Cpt(g, f, e)→ Cpt(g ◦ f ◦ e) C 7→ Cg◦f◦e.
For C in Cpt(g, f, e), these functors satisfy the relations
Ce = (Cf,e)e = (Cg◦f,e)e,
Cf = (Cf,e)f = (Cg,f )f ,
Cg = (Cg,f )g = (Cg,f◦e)g,
Cg◦f = (Cg◦f,e)g◦f = (Cg,f )g◦f ,
Cf◦e = (Cg,f◦e)f◦e = (Cf,e)f◦e,
Cg◦f◦e = (Cg,f◦e)g◦f◦e = (Cg◦f,e)g◦f◦e.
If C → D is a morphism of compactifications, we note that all individual
morphisms of the diagram morphism are automatically proper.
We need a short interlude on cofiltered categories and initial functors. Recall
from [Mac71], Chapter IX, that a functor F : A→ B is initial if the following two
conditions are satisfied.
(1) To each b in B there exists an object a in A and a morphism β : F (a)→ b.
(2) Any two such morphisms can be joined to give a finite commutative dia-








F (α2)oo // . . . F (a′)
F (αt)oo

b b b . . . b
From [Mac71], Theorem IX.3.1, it follows that if F : A→ B is initial and T : B→




We will only use this concept under the additional assumption that A and B
are cofiltered categories. This means, A (as well as B) satisfies








(2) for two morphisms a2 ⇒ a1 in A there exists an equalising refinement
a3 → a2 ⇒ a1.
(In particular, any inverse system may be considered as cofiltered category.)
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In this case, it is sufficient to check the following criterion.
Lemma 4.4.2. Let F : A → B be a functor with A and B cofiltered. Assume
that
(1) for each b in B there exists an object a in A and a morphism β : F (a)→ b,
(2) for each morphism β : b→ F (a) there exists a morphism α : a′ → a and a











Then F is an initial functor.
Proof. We will show that β1 : F (a1)→ b and β2 : F (a2)→ b have a common
refinement. Since A is cofiltered there exists a common refinement a3 of a1 and
a2. Since B is cofiltered there exists an equalising refinement b′ → F (a3) ⇒ b. By






































Thus, F (a′)→ b is the sought-after refinement. 
The following proposition extends [AGV72c], Exposé XVII, Proposition 3.2.6.
Proposition 4.4.3. Let e : W → X, f : X → Y , g : Y → Z be composable
separated morphism in SchK .
(1) The categories Cpt(f), Cpt(g, f), and Cpt(g, f, e) are non-empty and
cofiltered.
(2) The following functors are initial:
Cpt(g, f)→ Cpt(g ◦ f), C 7→ Cg◦f ,
Cpt(g, f)→ Cpt(g)×Cpt(f), C 7→ (Cg, Cf ),
Cpt(g, f, e)→ Cpt(g ◦ f, e), C 7→ Cg◦f,e,
Cpt(g, f, e)→ Cpt(g, f ◦ e), C 7→ Cg,f◦e,
Cpt(g, f, e)→ Cpt(g, f)×Cpt(e), C 7→ (Cg,f , Ce),
Cpt(g, f, e)→ Cpt(g)×Cpt(f, e), C 7→ (Cg, Cf,e).
Proof. We proceed in several steps.
Step 1. By [Nag63], Theorem 2, there exist a compactification for each sep-
arated morphism of finite type between Noetherian schemes (see [Lüt93] for a
scheme-theoretic proof). In particular, Cpt(f) is non-empty. By [AGV72c], Ex-
posé XVII, Proposition 3.2.6.(ii), it is cofiltered.
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Step 2. We will now consider a slightly more general situation. Suppose we are










in SchK with separated morphisms f1, f2 and a proper morphism sY . Furthermore,
we fix a compactification D of f1 and a compactification C2 of f2. Then there exists
a compactification C1 of f1, a morphism of compactifications a : C1 → D, and a
proper morphism sC : XC11 → X
C2


















































These data can be constructed as follows. Let E be a compactification of

























of f2 ◦ sX . Since Cpt(f2 ◦ sX) is cofiltered, there exist a scheme XC11 , an open
immersion jC1 : X1 ↪→◦ XC11 , and proper maps a : X
C1
1 → XD1 , b : X
C1
1 → XE1 such



























































We set pC1 = pD ◦ a and sC = pE ◦ b. Then jC1 and pC1 are the components of a
compactification C1 of f1, the map a defines a morphism C1 → D, and as desired,
the maps sC , sX , and sY define a morphism of diagrams s : C1 → C2.
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in SchK such that j is an open immersion, q is separated, and p is proper can be























with an open immersion j′ and a proper morphism p′. Furthermore, if q is proper,
then q′ can also chosen to be proper. Indeed, one only has to choose a compactifi-
cation D of U → X ×Z Y and set X ′ = UD.
Step 4. Suppose we are given two composable separated morphisms f : X → Y ,
g : Y → Z. Let C be in Cpt(f), D in Cpt(g), and E in Cpt(g ◦ f). We shall
construct a compactification F in Cpt(g, f) together with morphisms
c : Ff → C, d : Fg → D, e : Fg◦f → E.
In particular, this shows that Cpt(g, f) is non-empty.












and replacing XE by the corresponding (XE)′ we may assume that we have a
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and replacing XC by (XC)′ we may assume that we have a morphism a : XC → XE
that is compatible with the other maps in the above composite diagram. Choos-
ing a compactification E′ of a and replacing XE by XE
′
we obtain the desired
compactification of the pair (g, f).
Step 5. We will show that the functor C 7→ (Cg, Cf ) fulfills the premises of
Lemma 4.4.2.
Clearly, any pair (E,D) of compactifications in Cpt(g)×Cpt(f) can be com-
pleted to a compactification in Cpt(g, f) by choosing an arbitrary compactifica-
tion of jE ◦ pD. Let C be in Cpt(g, f) and a : (E,D) → (Cg, Cf ) a morphism in





Y E // Y Cg













Then complete (E,D) with the resulting diagram in Cpt(jE ◦ pD) to a compact-
ification C ′ of the pair (f, g). It comes with obvious morphisms C ′ → C and
(C ′g, C
′
f )→ (E,D) that are compatible with a in the desired way.
Step 6. We will show that the functor C 7→ Cg◦f fulfills the premises of Lem-
ma 4.4.2.
Let E be a compactification of g ◦ f . Choose any pair of compactifications
(D,C) in Cpt(g) ×Cpt(f) and apply Step 4. We obtain a compactification F of
the pair (g, f) together with a morphism Fg◦f → E. Let F be in Cpt(g, f) and
a : E → Fg◦f a morphism in Cpt(g ◦ f). Step 4 applied to Ff , Fg, and E provides
us with a compactification F ′ of (g, f) and morphisms bf : F ′f → Ff , bg : F ′g → Fg,
and b′ : F ′g◦f → E; however, the composition a ◦ b′ might not be compatible with


















































Step 7. We will now prove that Cpt(g, f) is cofiltered.
The existence of a common refinement of two compactifications has already
been established in Proposition 3.2.6.(iii) of [AGV72c], Exposé XVII. Let a, b : A→
B be two morphisms in Cpt(g, f). Choose equalising refinements C, D of Af ⇒ Bf
and Ag ⇒ Bg, respectively; then apply Step 5 to obtain a morphism c : A′ → A.
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Finally, choose an equalising refinement E of A′g◦f ⇒ Bg◦f and apply Step 6. The
resulting compactification of (g, f) is an equalising refinement of A ⇒ B.
Step 8. We prove that the functor
Cpt(g, f, e)→ Cpt(g, f)×Cpt(e), C 7→ (Cg,f , Ce),
fulfills the premises of Lemma 4.4.2. In a similar fashion, one also proves the
corresponding statement for
Cpt(g, f, e)→ Cpt(g)×Cpt(f, e), C 7→ (Cg, Cf,e).
Clearly, every pair (E,D) in Cpt(g, f)×Cpt(e) can be completed to a diagram
in Cpt(g, f, e) by an iterated application of Step 1. If C is in Cpt(g, f, e) and
a : (E,D) → (Cg,f , Ce) is a morphism in Cpt(g, f) × Cpt(e), then it suffices to
apply Step 2 twice to obtain a compactification C ′ of the triple (g, f, e) together
with morphisms C ′ → C, (C ′g,f , C ′e)→ (E,D) with the desired properties.
Step 9. We prove that the functor
Cpt(g, f, e)→ Cpt(g ◦ f, e), C 7→ Cg◦f,e,
fulfills the premises of Lemma 4.4.2. The case of functor
Cpt(g, f, e)→ Cpt(g, f ◦ e), C 7→ Cg,f◦e
is again similar.
Let C be a compactification in Cpt(g, f, e) and a : D → Cg◦f,e a morphism in
Cpt(g ◦ f, e). Applying Step 6 to Dg◦f → Cg◦f and Step 1 to De → Ce, we obtain
a pair of compactifications (F,E) in Cpt(g, f)×Cpt(e) together with morphisms
b : (Fg◦f , E)→ (Dg◦f , De),
b′ : (F,E)→ (Cg,f , Ce)
























of jDg◦f ◦ pDe to obtain a lift H of the latter compactification in Cpt(jFg◦f ◦ pE).













to a compactification H ′ of pE ◦jFf . We may then apply Step 4 to obtain a common
refinement I of H and H ′ in Cpt(kF , pE ◦ jFf ). If we glue the diagrams F , E, and
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I together and omit the superfluous map jIkF , we obtain a new compactification J
of the triple (g, f, e) together with morphisms
c : Jg◦f,e → D,
c′ : J → C
such that a ◦ c = c′. If one starts with a compactification D in Cpt(g ◦ f, e)
instead of a morphism a : D → Cg◦f,e for a given compactification C in Cpt(g, f, e),
then an easy adaption of the above construction also gives a compactification J in
Cpt(g, f, e) together with a morphism Jg◦f,e → D, i. e. the premises of Lemma 4.4.2
are satisfied.
Step 10. We show that Cpt(g, f, e) is cofiltered.
First, one proves by iterated application of Step 1 that the category is non-
empty. Next, we let C, D be two compactifications of the triple (g, f, e). Since the
categories Cpt(g, f) and Cpt(e) are cofiltered, we find morphisms a : (A,B) →
(Cg,f , Ce) and b : (A,B) → (Dg,f , De). By essentially the same method as in
Step 9, these morphisms are completed to morphisms a′ : E → D, b′ : E → D
with Eg,f = A, Ee = B using Step 2. Finally, a similar construction yields an
equalising refinement of two morphisms a, b : C → D in Cpt(g, f, e). 
One can continue this game and define categories Cpt(f1, . . . , fn) of compacti-
fications for n-tuples of composable separable morphisms. We leave it to the inter-
ested reader to verify that these categories are cofiltered as well and to construct
initial functors in between them.
4.5. Higher Direct Images with Proper Support
In this section, we will construct an Waldhausen exact model Rf! for the to-
tal direct image functor with proper support of a separated morphism of schemes
f : X → Y as defined in [AGV72c], Exposé XXVII, Definition 5.1.9. Naively, Rf!




for any choice of a compactification C in Cpt(f). To make this construction inde-
pendent of the choice of C compactification of f , we pass to the direct limit over all
compactifications. For this, we need to find a transition morphism for every mor-
phism a : C → D in Cpt(f). This is no issue in the context of derived categories.





∼←− RpC∗ jC! .
In our setting, we have to resort to the more subtle morphism
a(pD, a, jC) : RpD∗ j
D
! → RpC∗ jC!
that we constructed in Definition 4.3.15 precisely for this purpose.
If g : Y → Z is another separable morphism, we want to compare R(g ◦ f)!
with the composition Rg!Rf!. Unfortunately, we could not find a direct comparison
morphism. Instead, we construct two intermediate functors R(g, f)! and R(g : f)!
and a chain of quasi-isomorphisms
c : R(g ◦ f)!
∼−→ R(g, f)!
∼←− R(g : f)!
∼−→ Rg!Rf!.
We will also verify that the quasi-isomorphisms c satisfy an appropriate cocycle
condition for a triple (g, f, e) of composable morphisms. For this, we need another
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four intermediate functors to subdivide the square








This ensures that the corresponding cycle class in K1(PDG(Z,R)) is trivial. We
will make no direct use of this result later. It is only included as a sanity check.
We could have reduced the length of the chain c by one if we had taken the
homotopy pushout
R(g ◦ f)! ∪h(R(g,f)!) R(g : f)!
as the intermediate step. However, this is less canonical and renders the verification
of the cocycle condition more difficult.
Remark 4.5.1. A cocycle condition for a chain of length 1 would also imply
the triviality of the classes corresponding to n-tuples of composable morphisms in
the higher K-groups. This is no longer true in our situation of longer chains. For
example, our cocycle condition does not guarantee that the cube corresponding
to a quadruple of composable morphisms can be contracted to a point in the K-
theory space. This can be remedied by introducing further functors corresponding
to compactifications of n-tuples in order to formulate higher cocycle conditions.
Since we are manly interested in the 1-type of the space, we postpone a thorough
treatment of this question to future work.
We begin by introducing a functor T on the category of compactifications
Cpt(f) that takes values in the Waldhausen category
Fun(Kom(X,R),Kom(Y,R))
of Waldhausen exact functors from Kom(X,R) to Kom(Y,R) (see Definition 2.4.5
for this construction). The direct limit of this functor will be our model for the
higher direct images with proper support. The functors for pairs and triples of
morphisms are constructed in a similar manner.
Definition 4.5.2. Let R be a finite ring and let
e : W → X
f : X → Y
g : Y → Z
be separated morphisms in SchK .
(1) If C is a diagram in Cpt(f), we set
T (C) = (RpC∗ )j
C
! : Kom(X,R)→ Kom(Y,R)





a(pD,a,jC) // (RpC∗ )j
C
! .
(2) If C is a diagram in Cpt(g, f), we set
T ′(C) = (RpCg∗ )(RqC∗ )j
Cg◦f
!
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If a : C → D is a morphism in Cpt(g, f), we define T ′(a) : T ′(D)→ T ′(C)

















(3) If C is a diagram in Cpt(g, f, e), we set













































Next, we define some natural transformations that will be used to construct
the comparison chain of quasi-isomorphisms.
Definition 4.5.3. Consider a finite ring R and two separated morphisms
f : X → Y , g : Y → Z in SchK . Let C be a diagram in Cpt(g, f).




c(pCg ,qC) // (RpCg∗ )(RqC∗ )j
Cg◦f
! .



























The following natural transformations will be used for the subdivision of the
square in the cocycle condition.
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Definition 4.5.4. Let R be a finite ring and
e : W → X
f : X → Y
g : Y → Z
separated morphisms in SchK . Fix a diagram C in Cpt(g, f, e).
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Lemma 4.5.5. The assignments T, T ′, T ′′ are contravariant functors and c1, c2,
cH1, cV 1, cH2, cV 2 are natural transformations. Moreover, the natural morphisms
lim−→
C∈Cpt(g,f)












T (Cg◦f )T (Ce)→ lim−→
C∈(Cpt)(g◦f,e)
T (Cg◦f )T (Ce),
lim−→
C∈Cpt(g,f,e)
T (Cg)T (Cf◦e)→ lim−→
C∈Cpt(g,f◦e)


























Proof. To prove that T, T ′, T ′′ are functors one needs to verify that they are
compatible with the composition of morphisms and that they take the identity to
the identity. For T , this follows from Proposition 4.3.16.(2), for T ′ and T ′′ one
also needs Proposition 4.3.16.(3). The naturality of the morphisms c1, c2, cH1,
cV 1, cH2, cV 2 is easily reduced to the commutativity of the diagrams in Proposi-
tion 4.3.16.(4)–(6). To see that all morphisms in the above list are isomorphisms
one uses that the functors listed in Proposition 4.4.3.(2) are initial and [Mac71],
Theorem IX.3.1. 




R(g, f)! = lim−→
C∈Cpt(g,f)
T ′(C),
R(g : f)! = lim−→
C∈Cpt(g,f)
T (Cg)T (Cf ),
R(g, f, e)! = lim−→
C∈Cpt(g,f,e)
T ′′(C),
R(g, f : e)! = lim−→
C∈Cpt(g,f,e)
T ′(Cg,f )T (Ce),
R(g : f, e)! = lim−→
C∈Cpt(g,f,e)
T (Cg)T ′(Cf,e),
R(g : f : e)! = lim−→
C∈Cpt(g,f,e)
T (Cg)T (Cf )T (Ce)
We recall that for a diagram category I and functors F : I → C, G : C → D,






which is uniquely determined by the universal property of the direct limit.
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Definition 4.5.7. We define a chain of morphisms
c(g, f) : R(g ◦ f)!
c1−→ R(g, f)!




c1 // R(g, f)!
lim−→
C∈Cpt(g◦f)
T (C) ∼= // lim−→
C∈Cpt(g,f)




c2 // R(g, f)!
lim−→
C∈Cpt(g,f)























T (D)T (C) lim−→ l
AA
Definition 4.5.8. We define as follows natural morphisms cHij and cV ij for
i = 1, 2 and j = 1, 2, 3:
(1) The chain
R(g, f ◦ e)!
cH11−−−→ R(g, f, e)!
cH12←−−− R(g, f : e)!
cH13−−−→ (R(g, f)!)(Re!)
is given by
R(g, f ◦ e)!
cH11 // R(g, f, e)!
lim−→
C∈Cpt(g,f◦e)
T ′(C) ∼= // lim−→
C∈Cpt(g,f,e)
T ′(Cg,f◦e) lim−→ cH1(C)// lim−→
C∈Cpt(g,f,e)
T ′′(C)
R(g, f : e)!
cH12 // R(g, f, e)!
lim−→
C∈Cpt(g,f,e)
T ′(Cg,f )T (Ce) lim−→ cH2(C) // lim−→
C∈Cpt(g,f,e)
T ′′(C)
R(g, f : e)!
cH13 // (R(g, f)!)(Re!)
lim−→
C∈Cpt(g,f,e)















T ′(D)T (C) lim−→ l
AA
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(2) The chain
R(g : f ◦ e)!
cH21−−−→ R(g : f, e)!
cH22←−−− R(g : f : e)!
cH23−−−→ (R(g : f)!)(Re!)
is given by
R(g : f ◦ e)!











T (Cg)T (Cf◦e) lim−→T (Cg)(c1(Cf,e))
AA
R(g : f : e)!
cH22 // R(g : f, e)!
lim−→
C∈Cpt(g,f,e)
T (Cg)T (Cf )T (Ce) lim−→T (Cg)(c2(Cf,e)) // lim−→
C∈Cpt(g,f,e)
T (Cg)T ′(Cf,e)
R(g : f : e)!
cH23 // (R(g : f)!)(Re!)
lim−→
C∈Cpt(g,f,e)



















R(g ◦ f, e)!
cV 11−−−→ R(g, f, e)!
cV 12←−−− R(g : f, e)!
cV 13−−−→ (Rg!)(R(f, e)!)
is given by
R(g ◦ f, e)!
cV 11 // R(g, f, e)!
lim−→
C∈Cpt(g◦f,e)
T ′(C) ∼= // lim−→
C∈Cpt(g,f,e)
T ′(Cg◦f,e) lim−→ cV 1(C) // lim−→
C∈Cpt(g,f,e)
T ′′(C)
R(g : f, e)!
cV 12 // R(g, f, e)!
lim−→
C∈Cpt(g,f,e)
T (Cg)T ′(Cf,e) lim−→ cV 2(C) // lim−→
C∈Cpt(g,f,e)
T ′′(C)
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R(g : f, e)!


















T (D)T ′(C) lim−→ l
AA
(4) The chain
R(g ◦ f : e)!
cV 21−−−→ R(g, f : e)!
cV 22←−−− R(g : f : e)!
cV 23−−−→ (Rg!)(R(f : e)!)
is given by
R(g ◦ f : e)!
cV 21 // R(g, f : e)!
lim−→
C∈Cpt(g◦f,e)





T ′(Cg,f )T (Ce)
lim−→
C∈Cpt(g,f,e)
T (Cg◦f )T (Ce) lim−→ c1(Cg,f )
AA
R(g : f : e)!
cV 22 // R(g, f : e)!
lim−→
C∈Cpt(g,f,e)
T (Cg)T (Cf )T (Ce) lim−→ c2(Cg,f ) // lim−→
C∈Cpt(g,f,e)
T ′(Cg,f )T (Ce)
R(g : f : e)
cV 23 // (Rg!)(R(f : e)!)
lim−→
C∈Cpt(g,f,e)















T (Dg)T (Df )T (Ce)
lim−→ l
CC
Proposition 4.5.9. Let K be a field and R a finite ring. Consider a separated
morphism f : X → Y in SchK .
(1) The functor
Rf! : Kom(X,R)→ Flb(Y,R),
is Waldhausen exact and computes the higher derived images with proper
support of f .
(2) It restricts to a Waldhausen exact functor
Rf! : PDG(X,R)→ PDG(Y,R),
(3) For every M• in Kom(Rop) and every F• in PDG(X,R), the canonical
morphism
t : (M ⊗R Rf!F)• → Rf!(M ⊗R F)•
is a quasi-isomorphisms.
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is a filtered direct limit of flabby sheaves for each integer n. In particular, it is flabby
itself. The Waldhausen exactness of the functor Rf! follows from the exactness of
filtered direct limits in the usual cohomological sense and the Waldhausen exactness
of T (C) = RpC∗ j
C
! for each compactification C in Cpt(f) by applying Lemma 3.1.8.
Since the transformation morphisms T (D)→ T (C) are quasi-isomorphisms for any
morphism C → D in Cpt(f) by Proposition 4.3.16.(1) we see that the natural
morphism T (C) → Rf! is a quasi-isomorphism as well, by using once more the
exactness of filtered direct limits. In particular, the cohomology sheaves of Rf!F•
are isomorphic to the higher direct images with proper support of the complex F•.
If F• is in PDG(X,R), then we know by Proposition 4.3.4 and Proposi-
tion 4.3.8 that T (C)F• is in PDG(Y,R) for each compactification C in Cpt(f).
Hence, the complex Rf!F is a filtered direct limit of DG-flat complexes and thus,
DG-flat itself. Since it is quasi-isomorphic to T (C), it is still cohomologically
bounded, of finite flat dimension and all its cohomology sheaves are constructible.
This proves that Rf!F is a complex in PDG(Y,R).
Finally, the commutativity of the diagram






T (C)(M ⊗R F)•
∼

(M ⊗R Rf!F)• t
// Rf!(M ⊗R F)•
shows that t is a quasi-isomorphism for every M• in Kom(Rop) and every F• in
PDG(X,R). 
In the same manner, one also proves the following two propositions.
Proposition 4.5.10. Let K be a field and R a finite ring. Consider two com-
posable separated morphisms f : X → Y , g : Y → Z in SchK .
(1) The functors
R(g, f)! : Kom(X,R)→ Flb(Z,R),
R(g : f)! : Kom(X,R)→ Flb(Z,R)
are Waldhausen exact and compute the higher derived images with proper
support of g ◦ f .
(2) They restrict to a Waldhausen exact functors
R(g, f)! : PDG(X,R)→ PDG(Z,R),
R(g : f)! : PDG(X,R)→ PDG(Z,R).
(3) For every M• in Kom(Rop) and every F• in PDG(X,R), the canonical
morphisms
t : (M ⊗R R(g, f)!F)• → R(g, f)!(M ⊗R F)•,
t : (M ⊗R R(g : f)!F)• → R(g : f)!(M ⊗R F)•
are quasi-isomorphisms.
Proposition 4.5.11. Let K be a field and R a finite ring. Consider three
composable separated morphisms e : W → X, f : X → Y , g : Y → Z in SchK .
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(1) The functors
R(g, f, e)! : Kom(W,R)→ Flb(Z,R),
R(g, f : e)! : Kom(W,R)→ Flb(Z,R),
R(g : f, e)! : Kom(W,R)→ Flb(Z,R),
R(g : f : e)! : Kom(W,R)→ Flb(Z,R)
are Waldhausen exact and compute the higher derived images with proper
support of g ◦ f ◦ e.
(2) They restrict to a Waldhausen exact functors
R(g, f, e)! : PDG(W,R)→ PDG(Z,R),
R(g : f, e)! : PDG(W,R)→ PDG(Z,R),
R(g, f : e)! : PDG(W,R)→ PDG(Z,R),
R(g : f : e)! : PDG(W,R)→ PDG(Z,R)
(3) For every M• in Kom(Rop) and every F• in PDG(W,R), the canonical
morphisms
t : (M ⊗R R(g, f, e)!F)• → R(g, f, e)!(M ⊗R F)•,
t : (M ⊗R R(g : f, e)!F)• → R(g : f, e)!(M ⊗R F)•,
t : (M ⊗R R(g, f : e)!F)• → R(g, f : e)!(M ⊗R F)•,
t : (M ⊗R R(g : f : e)!F)• → R(g : f : e)!(M ⊗R F)•
are quasi-isomorphisms.
Proposition 4.5.12. Let K be a field and R a finite ring. Consider three
composable separated morphisms e : W → X, f : X → Y , g : Y → Z in SchK .
(1) The morphisms cj, cHij, cV ij are quasi-isomorphisms for i = 1, 2 and
j = 1, 2, 3.
(2) The following diagram commutes:




R(g, f ◦ e)!
cH11








R(g ◦ f, e)!
cV 11 // R(g, f, e)! R(g : f, e)!
cV 12oo cV 13 // Rg!R(f, e)!











R(g : f : e)!











c1 // R(g, f)!Re! R(g : f)!Re!
c2oo c3 // Rg!Rf!Re!
Proof. The morphisms listed under (1) are compositions of quasi-isomor-
phisms and hence, they are quasi-isomorphisms themselves.
The commutativity of the squares in the third row and column of the diagram
in (2) follows essentially by the universal property of the direct limit construction.
88 4. PERFECT COMPLEXES OF ETALE SHEAVES













cW // T ′′(C) T (Cg)T ′(Cf,e)
cEoo




T ′(Cg,f )T (Ce)
cS
OO




for any compactification C of the triple (g, f, e). The commutativity of the up-
per left square follows from the associativity relation for direct images in Propo-
sition 4.3.6.(2), the commutativity of the lower left square is the corresponding
relation for extensions by zero, and the commutativity of the upper right square
follows from the compatibility of k with composition of squares as stated in Propo-





























































The commutativity of its upper left square is the associativity relation for exten-
sions by zero. The right upper square commutes because of functoriality. The
commutativity of the lower part follows from the compatibility of k with composi-
tions of squares as stated in Proposition 4.3.14.(2). Applying (RpCg∗ )(Rq
Cg,f
∗ ) to













































































we obtain the last square. 





(see Definition 2.2.1) of the Waldhausen category of Waldhausen exact functors
Fun(PDG(W,R),PDG(Z,R)) . For f : X → Y and g : Y → Z two composable
separated morphisms we set
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Corollary 4.5.13. For three composable separated morphisms e : W → X,
f : X → Y , g : Y → Z we have






Proof. This follows immediately from Proposition 4.5.12.(2). 
4.6. Section Functors
We need an additional condition on the base field in order to define a Wald-
hausen exact model for the total derived section functor.
Definition 4.6.1. Let K be a field and let R be a finite ring.
(1) The cohomological R-dimension cdRK of K is the smallest integer n such
that for every étale sheaf F of R-modules on SpecK and every q > n,
the étale cohomology module Hqét(SpecK,F) vanishes. It is ∞ if no such
integer exists.
(2) We say that K has the finiteness property with respect to R if cdRK is
finite and for every constructible étale sheaf F of R-modules on SpecK,
the étale cohomology modules Hkét(SpecK,F) are of finite order.
Remark 4.6.2.
(1) Let Gal(K/K) denote the absolute Galois group of K. Recall from
[Mil80], Chapter II, Theorem 1.9, that the category of Abelian étale
sheaves on SpecK is equivalent to the category of Gal(K/K)-modules.
Moreover, we may identify the étale cohomology groups Hkét(SpecK,F)
with the Galois cohomology groups Hk(Gal(K/K),M), where M is the
Gal(K/K)-module corresponding to the stalk of F in the geometric point
SpecK, see loc. cit., Chapter III, Example 1.7.








On the other hand, if p | n and F is a sheaf of Fp-modules, then
Hkét(SpecK,F) = 0 ⇔ H
k
ét(SpecK,R⊗Z/(n) F) = 0.
Example 4.6.3.
(1) Clearly, a separably closed field has the finiteness property with respect
to any finite ring.






is a torsion-free procyclic group generated by the Frobenius automorphism
F. In particular, cdR F ≤ 1 and for every étale sheaf of R-modules on
Spec F, the cohomology module H1ét(Spec F,F) is given by the module of
coinvariants
H0ét(Spec F,F)Gal(F/F) ∼= coker
(





see [NSW00], Proposition 1.6.13. Hence, F has the finiteness property
with respect to R.
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(3) Let K be an nonarchimedian local field, i. e. a field which is complete with
respect to a discrete valuation and has a finite residue class field. If the
characteristic of K is either zero or a unit in R, then K has the finiteness
property with respect to R, see [NSW00], Proposition 7.1.8.
(4) Let p be the characteristic of the residue class field of the nonarchimedian
local field K. The maximal unramified extension Knr of K has the finite-
ness property with respect to R if p is invertible in R. Indeed, we have
cdRKnr ≤ 1 according to [NSW00], Proposition 7.1.8. Moreover, if Ktr
denotes the maximal tamely ramified extension of K, then Gal(K/Ktr)
is a pro-p-group, whereas
Gal(Ktr/Knr) ∼=
∏
` 6= p prime
Z`,




for every étale sheaf of R-modules on SpecKnr according to [NSW00],
Proposition 1.6.13 and the Hochschild-Serre spectral sequence. If F is con-
structible, then clearly, H0ét(SpecK
nr,F) is of finite order. Furthermore,
the module of coinvariants H0ét(SpecK
tr,F)Gal(Ktr/Knr) is finite, since it
is a factor group of the finite group H0ét(SpecK
tr,F).
(5) If K is a number field, cdRK ≤ 2 if 2 is invertible in R, see [NSW00],
Theorem 10.2.3. However, the cohomology modules are not necessarily of
finite order. For example, let n be an odd integer and let µn denote the
sheaf of n-th roots of unity. Then





As before, we fix a separable closure K of the base field K. Let s : SpecK →
SpecK denote the morphism of schemes corresponding to the embedding of K into
K. Furthermore, we recall the notation
X = X ×SpecK SpecK
sX−−→ X
for the base change to the algebraic closure with respect to any scheme X in SchK
(i. e. a K-scheme of finite type).
Definition 4.6.4. Assume that cdRK <∞. Let X be a scheme in SchK with
structure morphism h : X → SpecK and let F• be a complex in Kom(X,R).
(1) We set
RΓ(X,F•) = Γ(SpecK,Rh∗F•),
RΓ(X,F•) = Γ(SpecK, s∗Rh∗F•).
(2) If h is separated, we set
RΓc(X,F•) = Γ(SpecK,Rh!F•),
RΓc(X,F•) = Γ(SpecK, s∗Rh!F•).
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Proposition 4.6.5. Assume that cdRK <∞. Let X be a scheme in SchK .
(1) The functors
RΓ(X,−), RΓ(X,−) : Kom(X,R)→ Kom(R)
are Waldhausen exact and compute étale cohomology on X and on the
base change to the separable closure X, respectively.
(2) If X is separable over SpecK, then the functors
RΓc(X,−), RΓc(X,−) : Kom(X,R)→ Kom(R)
are Waldhausen exact and compute étale cohomology with proper support
on X and on the base change to the separable closure X, respectively.
Proof. Consider the Waldhausen category of flabby sheaves Flb(SpecK,R)
as introduced in Definition 4.2.5. Using our assumption on K, we conclude from
Lemma 3.1.11 that the functor
Flb(SpecK,R)→ Kom(R), F• 7→ Γ(SpecK,F•)
is Waldhausen exact and that it computes the étale cohomology of the complex F•
in Flb(SpecK,R).
Let h : X → SpecK denote the structure map. From Proposition 4.3.4 we
deduce that the composition
Kom(X,R) Rh∗−−−→ Flb(SpecK,R) Γ(SpecK,−)−−−−−−−−→ Kom(R)
is Waldhausen exact and computes the étale cohomology on X. This proves the
claim for RΓ(X,−). For RΓc(X,−), the same follows from Proposition 4.5.9.











s∗X : Kom(X,R)→ Kom(SpecX,R)
is easily seen to be Waldhausen exact. Moreover, Lemma 4.3.1 implies that s∗X
takes flabby sheaves to flabby sheaves.
Let F• ∼−→ I• be a DG-injective resolution of the complex F• in Kom(X,R)
(see Definition 3.1.10) and let s∗XI•
∼−→ J • be a DG-injective resolution of the




is a DG-injective resolution of s∗XF• and
RΓ(X,F•) = Γ(SpecK, s∗Rh∗F•)
∼−→ Γ(SpecK, s∗Rh∗I•)
∼←− Γ(SpecK, s∗h∗I•)
∼= Γ(SpecK,h∗s∗XI•) ∼= Γ(X, s∗XI•)
∼−→ Γ(X,J •).
Hence, RΓ(X,−) computes the étale cohomology of s∗XF• over X.
To prove the corresponding claim for RΓc(X,−), we fix a compactification C
of the structure morphism h : X → SpecK. The base change C of the diagram C




∼= jC! s∗X .
in the notation of Definition 4.4.1. We have already seen that the complex of left R-
modules Γ(SpecK, s∗RpC∗ j
C
! F•) computes the étale cohomology of s∗XC j
C
! F• and
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hence, the cohomology with proper support of the complex s∗XF• in Kom(X,R).








is a quasi-isomorphism, we conclude that the complex RΓc(X,F•) also computes
the cohomology with proper support of s∗XF•. 
Proposition 4.6.6. Assume that K satisfies the finiteness condition with re-
spect to R. Let X be a scheme in SchK .
(1) If X is proper over SpecK or the characteristic of K is either zero or
invertible in R, then the functors RΓ(X,−) and RΓ(X,−) restrict to
Waldhausen exact functors
RΓ(X,−), RΓ(X,−) : PDG(X,R)→ PDG(R).
(2) If X is separable over SpecK, then the functors RΓc(X,−) and RΓc(X,−)
restrict to Waldhausen exact functors
RΓc(X,−), RΓc(X,−) : PDG(X,R)→ PDG(R).
Moreover, let F• be a complex in PDG(X,R) and M• be a complex of right R-
modules. If F • is any of the four functors listed above, then the natural transfor-
mation
t : (M ⊗R F (F))• → F •(M ⊗R F)
is a quasi-isomorphism.
Proof. Let R0 be the image of Z in R and let A be the Abelian category of
étale sheaves of R0-modules on X. We write F • for any of the functors
RΓ(X,−), RΓ(X,−), RΓc(X,−), RΓc(X,−) : Kom(X,R0)→ Kom(R0).
Note that the section functor Γ(SpecK,−) and the inverse image functor s∗ both
commute with filtered direct limits. Hence, the extension to Kom(X,R0) (in the
sense of Definition 3.2.8) of the restriction of F • to A agree up to isomorphism
with the original functor. This allows us to apply Proposition 3.2.12, the result of
which is that F • preserves flat dimension as well as DG-flatness and that t is a
quasi-isomorphism.
Write h : X → SpecK for the structure map. By Proposition 4.3.4 and Pro-
position 4.5.9, we know that under the stated conditions, Rh∗ and Rh! have con-
structible cohomology sheaves. In particular, if F• is a complex in PDG(X,R), the
cohomology modules of Γ(SpecK, s∗Rh∗F•) and Γ(SpecK, s∗Rh∗F•) are finitely
generated R-modules. By the finiteness property of K, the same remains true for
Γ(SpecK,Rh∗F•) and Γ(SpecK, s∗Rh∗F•). Hence, all four complexes are perfect
and DG-flat complexes of R-modules. 
Let f : X → Y be a morphism in SchK and let h : Y → SpecK denote the
structure map. Since the section functors Γ(SpecK,−) and Γ(SpecK, s∗−) are
Waldhausen exact on the category Flb(SpecK,R), the quasi-isomorphism




RΓ(X,−) ∼−→ RΓ(Y ,Rf∗−).
Moreover, Proposition 4.6.5 and Proposition 4.6.6 also extend to the composi-
tion of the section functors and with the numerous variants of the canonical complex
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of higher direct images with proper support introduced in Definition 4.5.6. In par-
ticular, if f : X → Y is separable, we obtain canonical chains of quasi-isomorphisms
c : RΓc(X,−) ∼ RΓc(Y,Rf!−),
c : RΓc(X,−) ∼ RΓc(Y ,Rf!−).
Finally, note that there exists a natural injection
Γ(SpecK,F•)→ Γ(SpecK, s∗F•)
for any complex F• in Flb(SpecK,R). If K satisfies the finiteness property and F•
is also in PDG(SpecK,R), both functors commute with tensor products. Hence,
the cokernel of this injection will still be in PDG(R). Thus, the injection is a






Perfect Complexes of Adic Sheaves
The central purpose of this chapter is to extend the construction of the cate-
gory PDG(X,R) for finite coefficient rings R to a large class of profinite rings Λ,
characterised by the condition that both the Jacobson radical Jac(Λ) and its square
Jac(Λ)2 are open ideals.
This class of rings, which we will call adic rings for short, will be introduced in
Section 5.1 of this chapter. Examples for adic rings are all finite rings, the `-adic
numbers Z` for any prime `, and the completed group algebras over Z` of compact
`-adic Lie groups. Adic rings have been considered before by T. Fukaya and K. Kato
in the context of the Tamagawa number conjecture. They showed in [FK06] that




where I runs through the set IΛ of open two-sided ideals of Λ. In particular, every
identity in K1(Λ) may be checked on the level of the finite rings Λ/I.
First, we treat in Section 5.2 the case of perfect complexes of adic modules.
After a short interlude on localisations in noncommutative rings in Section 5.3, we
will then construct in Section 5.4 the category
PDGcont(X,Λ)
of perfect complexes of adic sheaves on the scheme X. The objects of this category
will be inverse systems of complexes (F•I )I∈IΛ such that F•I is in PDG(X,Λ/I)
and such that a certain compatibility condition is satisfied. It is then easy to see
that the construction of the Waldhausen exact models for higher direct images with
and without proper support extend naturally to this setting. We will also introduce
the category
SPcont(X,Λ),
of strictly perfect complexes of adic sheaves as a more rigid variant.
The aim of Section 5.5 is to introduce change of ring functors
ΨM : PDGcont(X,Λ)→ PDGcont(X,Λ′)
for every complex M• of Λ′-Λ-bimodules which is strictly perfect as complex of
Λ′-modules. Roughly, these functors are given by the tensor product, but since we
have to deal with systems of complexes, the actual definition looks a little bit more
complicated. We also prove that the functors ΨM are compatible with taking the
higher direct image functors.
In the final Section 5.6 we establish for any Z`-algebras Λ a result that cor-
responds to the twist invariance property predicted by A. Huber and G. Kings
[HK02]. More precisely, we show that for every strictly perfect complex of smooth
sheaves F• in SPcont(X,Λ) there exists an infinite Galois covering of X with Galois
group G such that the complex can be written as
F• = ΨM (Z`[[G]]]X)
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where Z`[[G]]]X is given by the contragredient representation of G on Z`[[G]] and
M• is a complex of Λ-Z`[[G]]-bimodules. Since ΨM is compatible with the higher
direct image functors, this signifies that the cohomology of F• is known if one
knows the cohomology of Z`[[G]]]X . In this form, the twist invariance property has
already been used in [FK06].
In the literature, one can find various approaches to a definition of a category
of adic sheaves in the setting of derived categories. The first one goes back to
[Del80]. In fact, it is not a derived category in the literal sense, but a triangulated
category obtained from passing to the inverse limit over the derived categories
of étale sheaves for finite coefficient rings. Much closer to our approach are the
constructions in [Eke90] and in [Jan88]. Both work with localisations of a certain
subcategory of inverse systems of sheaves. Note that the setup in [Eke90], though
very general in other aspects, would not allow for arbitrary adic rings as coefficient
rings.
The definition of PDGcont(X,Λ) that we present is not the only one conceivable.
We do make some choices which are quite arbitrary. The overall aim was to keep
the construction as simple as possible. However, we were unable to establish some
results that might appear desirable. Moreover, we suspect that the derived category
of PDGcont(X,Λ) will in general not coincide with any of the three constructions
above. So, maybe this definition will not be the last word, but for our applications,
it comes close enough.
5.1. Non-Commutative Adic Rings
As in [FK06], we will consider associative rings Λ with unity satisfying the
following condition.
Definition 5.1.1. We call a ring Λ adic if there exists a two-sided ideal I of




In this section, we will collect some elementary properties of this class of rings,
extending the results of [FK06], Section 1.4. We profit from the fact that adic
rings are special types of linear compact rings. The theory of the latter rings was
extensively studied in [War93].
Our first aim is a characterisation of adic rings in terms of their algebraic and
topological properties. We need the following two lemmas as a preparation.
For any ring R, let
Jac(R) = {x ∈ R|1− rx is invertible for any r ∈ R}
denote the Jacobson radical of R, i. e. the intersection of all maximal left ideals. It
is the largest two-sided ideal I of R such that 1+I ⊂ R× (see [Lam91], Chapter 2,
§4). The ring R is called semilocal if R/ Jac(R) is Artinian.
Lemma 5.1.2. A compact ring R is semilocal if and only if Jac(R) is open. In
this case, every maximal left ideal is open and Jac(R) coincides with the topological
Jacobson radical, i. e. the intersection of all open maximal left ideals.
Proof. By [War93], Corollary 32.3 and Theorem 32.5, the ring R is totally
disconnected and strictly linearly compact. In particular, we may apply [War93],
Theorem 29.14, to obtain the above equivalence statement. If Jac(R) is open, then
every maximal ideal contains an open neighbourhood of 0 and is therefore open. 
Lemma 5.1.3. Let R be a compact ring such that Jac(R)2 is open in R. Then
Jac(R)n is finitely generated as a left (and right) R-module for every n ≥ 1.
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Proof. The ideal Jac(R)2 is a compact submodule of R. Further,
Jac(R)/ Jac(R)2 ⊂ R/ Jac(R)2
is finite. Since Jac(R) contains Jac(R)2, it is open and Lemma 5.1.2 implies that
Jac(R) coincides with the topological Jacobson radical. Therefore, we can apply
the topological Nakayama lemma ([Bru66], Corollary 1.5) to conclude that Jac(R)
is finitely generated.
It is easy to see that for any ring R, if I and J are two-sided ideals which are
finitely generated as left R-modules, then IJ is a finitely generated left R-module
as well. Hence, since we know that Jac(R) is finitely generated, the same is true
for all powers of Jac(R). By symmetry, Jac(R)n is also finitely generated as right
R-module. 
Proposition 5.1.4. Let Λ be any ring. Then the following statements are
equivalent:
(1) Λ is an adic ring.




(3) Λ is semilocal, Jac(Λ) is finitely generated as left (or right) ideal, and Λ
admits a topology for which it becomes a compact topological ring.
Furthermore, any topology as in (3) necessarily coincides with the Jac(Λ)-adic topol-
ogy.
Proof. The equivalence (1)⇔ (2) is proved in [FK06], Lemma 1.4.4.(1).




induces a compact topology on Λ. Since Λ/ Jac(Λ) is finite, Λ must be semilocal.
By Lemma 5.1.3, Jac(Λ) is finitely generated.
Now we prove (3) ⇒ (2). By Lemma 5.1.2, Jac(Λ) is open. By [War93],
Theorem 36.39, the given compact topology is then the Jac(Λ)-adic topology. In
particular, Λ/ Jac(Λ)n is finite for all n ≥ 1. 
Remark 5.1.5. By [War93], Corollary 36.35, a commutative adic ring is al-
ways Noetherian. This is no longer true for non-commutative adic rings, see
[FK06], §1.4.6 for a counterexample. A precise criterion for an adic ring to be
Noetherian can be deduced from [War93], Theorem 36.33.
Remark 5.1.6. Here is an example of a compact commutative local ring that
is not adic. Let k be a finite field, set Rn = k[x1, . . . , xn]/(x1, . . . , xn)2, give it the




with respect to the maps Rn+1 → Rn, xn+1 7→ 0. Then R is a compact ring.
Since its maximal ideal m satisfies m2 = 0, the ring is even complete in the m-adic
topology. Yet, m is obviously not finitely generated.
Proposition 5.1.7. Let Λ be an adic ring. Then there exists a finite set of





where Λ` is an adic Z`-algebra.
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Proof. This follows immediately from [War93], Theorem 36.9 since Λ coin-
cides with its topological torsion ideal and is semilocal. Alternatively, note that the
`-Sylow subgroup of Λ is a direct factor of Λ. 
We will now briefly digress and consider the larger picture of arbitrary compact
rings. According to [War93], Theorem 5.23 and Corollary 32.4, any such ring Ω




where IΩ denotes the set of open two-sided ideals of Ω. Any left Ω-module M then
carries a natural topology given by the fundamental system of open neighbourhoods
of zero IM for I ∈ IΩ (see [War93], Theorem 3.6). We refer to this topology as
the IΩ-topology.
Lemma 5.1.8. Let Ω be a compact ring and M be a finitely presented left Ω-
module.




hence M is compact for its IΩ-topology.




In particular, every algebraic homomorphism M → N is continuous for
the IΩ-topology and HomΩ(M,N) becomes a compact abelian group such
that the composition of homomorphisms is continuous.
Proof. For M = Ωn both statements are obvious. For general M , they follow



























Proposition 5.1.9. Let Ω be a compact ring, P a finitely generated, projective
left Ω-module. Then EndΩ(P ) is a compact ring with Jacobson radical
Jac(EndΩ(P )) = HomΩ(P, Jac(Ω)P ).
If Ω is semilocal, then EndΩ(P ) is semilocal as well.
Proof. The compactness of EndΩ(P ) follows from the previous lemma. For
the other statements we will first consider the case P = Ωk. Then the opposite ring
of EndΩ(Ωk) is naturally isomorphic to Matk(Ω), the ring of k×k-matrices over Ω,
and under this identification, HomΩ(Ωk, Jac(Ω)k) is mapped to the set of matrices
Mat(Jac(Ω)) with entries in Jac(Ω).
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By [Lam91], Example 20.4 we have
Jac(Matk(Ω)) = Matk(Jac(Ω)), Matk(Ω)/ Jac(Matk(Ω)) = Matk(Ω/ Jac(Ω)).
In particular, the Jacobson radical of EndΩ(Ωk) is open if Ω is semilocal.
Let now P be an arbitrary finitely generated projective module. Then we can
identify P with a direct summand of Ωk for some k, i. e. there exists an idempotent
e ∈ EndΩ(Ωk) with P = eΩk. Hence,
EndΩ(P ) = eEndΩ(Ωk)e,
HomΩ(P, Jac(Ω)P ) = eHomΩ(Ωk, Jac(Ω)k)e.
According to [Lam91], Theorem 21.10 one has
Jac(eRe) = e Jac(R)e,
eRe/ Jac(eRe) = eR/ Jac(R)e
for any ring R if e is an idempotent in R. So, we may conclude that EndΩ(P ) is
semilocal if this is the case for Ω. 
Remark 5.1.10. Let Λ be an adic ring, P finitely generated and projective. It
can be shown that the ring EndΛ(P ) is adic in each of the following cases.
(1) Λ is Noetherian,
(2) Λ/ Jac(Λ) is simple,
(3) Λ is a finitely generated module over its centre,
(4) P ⊕Q = Λk with HomΛ(P,Q) = 0 or HomΛ(Q,P ) = 0.
(5) P is a finitely generated EndΛ(P )-module.
However, it is not clear whether EndΛ(P ) is adic in general.
Note that any compact semilocal ring Ω is a semiperfect ring, i. e. it is semilocal
and every idempotent of Ω/ Jac(Ω) can be lifted to an idempotent of Ω ([War93],
Theorem 34.22). We refer to [Lam91], Chapter 8, for the basic properties of
semiperfect rings. Here, we only need the following observation.
Lemma 5.1.11. Let R be a semiperfect ring. Consider a homomorphism f :
P → Q of projective and finitely generated left R-modules such that the induced
map
f ′ : R/ Jac(R)⊗R P → R/ Jac(R)⊗R Q
is injective. Then f is split-injective.
Proof. As R/ Jac(R) is Artinian and semisimple, the homomorphism f ′ is
split-injective. Hence, there exists an idempotent
e′ = f ′s ∈ EndR(Q)/ Jac(EndR(Q)) = EndR(Q/ Jac(R)Q)
for any choice of a splitting s of f ′.
According to [Lam91], Theorem 25.3, the endomorphism ring EndR(Q) is
semiperfect as well. Hence, we may lift e′ to an idempotent e ∈ EndR(Q). By
replacing f with the composition of f with the projection onto the image of e we
are reduced to showing that f is an isomorphism if this is true for f ′. This last
statement follows by an application of Nakayama’s lemma. Since
coker f/ Jac(R) coker f = coker f ′ = 0
we see that f is surjective. Since Q is flat we have
ker f/ Jac(R) ker f = ker f ′ = 0
and therefore, f is injective. 
In the following lemma, we consider certain inverse systems of Ω-modules. Such
systems will play a crucial role in the definition of adic sheaves.
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Lemma 5.1.12. Let Ω be a compact semilocal ring and (MI)I∈IΩ be an inverse
system of Ω-modules such that MI is a finitely generated Ω/I-module for every I
in IΩ and such that the transition maps of the system induce isomorphisms
Ω/J ⊗Ω/I MI ∼= MJ




is finitely generated. Moreover, if for every I ∈ IΩ, the module MI is a projective
Ω/I-module, then M is a projective Ω-module and
MI ∼= Ω/I ⊗Ω M
for each I ∈ IΩ.
Proof. There exists an integer k and a homomorphism Ωk → M such that
the composition
Ωk →M →MJac(Ω)
is surjective. By the Nakayama lemma, the induced morphism
(Ω/I)k →MI
is surjective for each I ∈ IΩ with Jac(Ω) ⊂ I. Both (Ω/I)I∈IΩ and (MI)I∈IΩ are
inverse systems of finite modules. Hence, we may pass to the inverse limit and
conclude that Ωk  M is also surjective. This proves that M is finitely generated.
Assume now that MI is a projective Ω/I-module for each I. There exists an
idempotent




such that ē(Ω/ Jac(Ω))k ∼= MJac(Ω). By Proposition 5.1.9, the ring EndΩ(Ωk) is
compact and semilocal. Hence, it is a semiperfect ring and we may lift ē to an
idempotent e ∈ EndΩ(Ωk). From the Nakayama lemma and Lemma 5.1.11 we
conclude that
e(Ω/I)k →MI
is an isomorphism for each I ∈ IΩ. Going over to the inverse limit, we obtain an
isomorphism eΩk →M . In particular, M is a projective Ω-module. 
Corollary 5.1.13. For a compact, semilocal ring Ω, the category of finitely
generated, projective Ω-modules is equivalent to the category of inverse systems
(PI)I∈IΩ of Ω-modules such that
(1) for each I in IΩ, the module PI is a finitely generated, projective Ω/I-
module,
(2) for each I ∈ J in IΩ, the transition map of the system induces an isomor-
phism Ω/J ⊗Ω/I PI ∼= PJ .




is inverse to the functor
P 7→ (P/IP )I∈IΩ .

We will now turn our attention to the automorphism group AutΩ(P ) of a
finitely generated projective Ω-module.
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Proposition 5.1.14. Let Ω be a compact ring. Consider a left Ω-module P
which is finitely generated and projective. Then
AutΩ(P ) = lim←−
I∈IΩ
AutΩ/I(P/IP ).
and 1+Jac(EndΩ(P )) is a closed normal prosolvable subgroup. If Ω is a Z`-algebra,
then 1 + Jac(EndΩ(P )) is a pro-`-group. If Ω is semilocal, then 1 + Jac(EndΩ(P ))
is open.
Proof. By Proposition 5.1.9 we may replace Ω by EndΩ(P ) and hence, it




is injective. On the other hand, if (xI)I∈IΩ is a compatible family of units, then the
family (x−1I )I∈IΩ of their inverses is compatible, too. This shows the surjectivity.




In particular, Jac(Ω) is closed and 1 + Jac(Ω) is the kernel of the continuous map
Ω× → (Ω/ Jac(Ω))×
and therefore normal. If Ω is semilocal, then Jac(Ω) is open and thus, the same is
true for 1 + Jac(Ω).
Consider now the finite factor rings Ω/I. For every n ≥ 1, the map
Jac(Ω/I)n/ Jac(Ω/I)2n → 1 + Jac(Ω/I)n/ Jac(Ω/I)2n,
x 7→ 1 + x
is a group isomorphism and
(1 + Jac(Ω/I)n)/(1 + Jac(Ω/I)2n) ∼= 1 + Jac(Ω/I)n/ Jac(Ω/I)2n.
In particular, the normal series
. . . 1 + Jac(Ω/I)4 ⊂ 1 + Jac(Ω/I)2 ⊂ 1 + Jac(Ω/I)
has finite abelian quotients which are `-groups if Ω is a Z`-algebra. Hence,
1 + Jac(Ω) = lim←−
I∈IΩ
1 + Jac(Ω/I)
is prosolvable and if Ω is a Z`-algebra, 1 + Jac(Ω) is a pro-`-group. 
We will now return to the context of adic rings. In the formulation of their main
conjecture in [FK06], T. Fukaya and K. Kato consider Λ-Λ′-bimodules over adic
rings Λ and Λ′ which are finitely generated and projective as left Λ-modules and
such that the Λ′-operation is continuous for the IΛ-topology on P . The following
proposition shows that the latter requirement is in fact superfluous.
Proposition 5.1.15. Let Λ and Λ′ be adic rings. Consider a Λ-Λ′-bimodule P
which is finitely generated and projective as left Λ-module. Then the Λ′-operation
is continuous for the IΛ-topology on P .
Proof. The operation of the compact ring EndΛ(P ) on P is easily seen to be
continuous for the IΛ-topology. Hence, it suffices to show that any homomorphism
of Λ′ to the opposite ring EndΛ(P )op is continuous. This is true because any two-
sided Λ′-ideal of finite index contains a power of Jac(Λ′); in particular, the kernels
of the maps
Λ′ → EndΛ/I(P/IP )op
are open for every I ∈ IΛ′ . 
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Next, we will examine under which circumstances a profinite group algebra
with coefficients in an adic ring is again adic.
Proposition 5.1.16. Let ` be a prime, Λ be an adic Z`-algebra and G a profi-
nite group which is topologically finitely generated and has an `-Sylow subgroup G`




(where U runs through the open normal subgroups of G) is an adic ring.
Proof. As in [NSW00], Proposition 5.2.16, one proves that Λ[[G]] is semilocal
if and only if G is a profinite group and has an `-Sylow subgroup of finite index.
By Proposition 5.1.4 it remains to show that Jac(Λ[[G]]) is finitely generated if in
addition, G is topologically finitely generated. Since Jac(Λ[[G]]) is open by Lem-
ma 5.1.2, there exists a positive integer m and an open normal subgroup U of G
such that the kernel I of the map
Λ[[G]]  Λ/ Jac(Λ)m[G/U ]
is contained in Jac(Λ[[G]]). According to [RZ00], Proposition 2.5.5, an open
subgroup of a topologically finitely generated profinite group is itself topologi-
cally finitely generated. Let x1, . . . , xn be a system of generators for Jac(Λ)m
and u1, . . . , um be a set of topological generators for U . Then I is generated by
x1, . . . , xn, 1− u1, . . . , 1− um. From the exact sequence
0→ I → Jac(Λ[[G]])→ Jac(Λ[[G]])/I → 0
we deduce that the ideal Jac(Λ[[G]]) is finitely generated as well. 
Finally, we state the following result of T. Fukaya and K. Kato concerning the
first K-group of an adic ring.








Since Jac(Λ)n ∈ I for every n ≥ 1 and since for each I ∈ IΛ there exists an n with
Jac(Λ)n ⊂ I it follows that
lim←−
n




Remark 5.1.18. For any semilocal ring R the natural map R× → K1(R) is a
surjection whose kernel is the subgroup of R× generated by all units of the form
(1 − xy)(1 − yx)−1 for x, y ∈ R, see [Vas69]. If R is a commutative semilocal
ring, then this map is an isomorphism with the inverse given by the determinant
det : K1(R)→ R×.
The hard part in the proof of Proposition 5.1.17 is to show that the kernel of
the homomorphism Λ× → K1(Λ) is closed in the topology of Λ× if Λ is an adic
ring.
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5.2. Perfect Complexes of Adic Modules
Let Λ be an adic ring. As above, we denote by IΛ the lattice of open two-sided
ideals of Λ.
Definition 5.2.1. We denote by PDGcont(Λ) the following full subcategory of
the category of inverse systems of complexes of left Λ-modules indexed by IΛ. An
inverse system (P •I )I∈IΛ is in PDG
cont(Λ) if
(1) for each I ∈ IΛ, P •I is in PDG(Λ/I),
(2) for each I ⊂ J ∈ IΛ, the transition morphism of the system
ϕIJ : P •I → P •J
induces an isomorphism
Λ/J ⊗Λ/I P •I
∼−→ P •J .
One verifies easily that PDGcont(Λ) is a strictly complicial biWaldhausen cat-
egory. We give the proof for this claim in a more general situation in Proposi-
tion 5.4.5.
Since every complex P •I in the system (P
•)I∈IΛ is perfect, it is of finite coho-
mological and flat dimension. From the definition, it is not a priori clear that this is
also true for the system (P •)I∈IΛ itself. We will verify this in the following lemma.
Lemma 5.2.2. Let (F •I )I∈IΛ be in PDG
cont(Λ) and n,m ∈ Z be such that
Hk(F •Jac(Λ)) = 0 for k > n and the flat dimension of F
•
Jac(Λ) is less or equal to m.
Then the same is true for the complex F •I for each I ∈ IΛ.
Proof. We will first prove the claim for I = Jac(Λ)r. Let n′ be the degree
of the highest nonvanishing cohomology of F •Jac(Λ)r and assume n
′ > n. By Lem-
ma 3.3.6 we have
Λ/ Jac(Λ)⊗Λ/ Jac(Λ)r Hn
′
(F •Jac(Λ)r ) ∼= H
n′(F •Jac(Λ)) = 0.
An application of the Nakayama lemma then implies Hn
′
(F •Jac(Λ)r ) = 0 in contra-
diction to the choice of n′.
Let m′ be the flat dimension of F •Jac(Λ)r and suppose m
′ > m. We may assume
w. l. o. g. that F •Jac(Λ)r is strictly perfect with F
k




(Λ/ Jac(Λ)⊗Λ/ Jac(Λ)r F •Jac(Λ)r ) ∼= H
−m′(F •Jac(Λ)) = 0,
by Lemma 3.3.6, the map




is split-injective by Lemma 5.1.11. However, this implies
H−m
′
(M ⊗Λ/ Jac(Λ)r F •Jac(Λ)r ) = 0
for every right Λ/ Jac(Λ)r-module M , contradicting to the choice of m′. Thus, the
claim is proved for I = Jac(Λ)r.
For an arbitrary open ideal I ∈ IΛ the claim follows since there exists an r > 0
with Jac(Λ)r ⊂ I. 
A slightly different version of the next proposition has already been formulated
by T. Fukaya and K. Kato, see [FK06], Proposition 1.6.5.
Proposition 5.2.3. Let Λ be an adic ring and let (P •I )I∈IΛ be a complex in
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Proof. First, we prove that
PDGcont(Λ)→ Kom(Λ), (P •I )I∈IΛ 7→ lim←−
I∈IΛ
P •I
is a Waldhausen exact functor. All the transition maps of the system (P •I )I∈IΛ are
surjective. In particular, the system satisfies the Mittag-Leffler property in every
degree. We conclude from [Roo06], Theorem 2.1 and Theorem 3.1, that lim←− has
bounded cohomological dimension on the Abelian category of systems of Λ-modules






rP kJac(Λ)n = 0
for all r > 0 and all integers k. The Waldhausen exactness of the projective limit
is now a direct consequence of Lemma 3.1.11.
Next, we note that the inverse system of boundaries (Bk(PI))I∈IΛ has also
surjective transition maps and that the system (Hk(PI))I∈IΛ is lim←−-acyclic because
all the modules Hk(PI) are finite as sets. Hence, the inverse system of cycles

























































is a perfect complex. By Lemma 5.2.2 and by shifting the complex if necessary,
we may assume that for every I in IΛ, P •I has flat dimension less or equal to 0
and cohomological dimension less or equal to n. By Proposition 3.2.7.(5), we may
further assume that P kI = 0 for k < 0.
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If the complex is acyclic, there is nothing to show. Hence, we may start with
n = 0. In this case, the only non-vanishing cohomology module H0(PI) is a finitely
generated and projective Λ/I-module for each I ∈ IΛ and the canonical right
truncation induces a quasi-isomorphism
(H0(PI))I∈IΛ
∼−→ (P •I )I∈IΛ .
Moreover, Lemma 3.3.6 implies that the transition morphisms of the inverse system
(PI)I∈IΛ induce isomorphisms
Λ/J ⊗Λ/I H0(PI) ∼= H0(PJ)
for I ⊂ J . Hence, (H0(PI))I∈IΛ is a system in PDG
cont(Λ). Using the Waldhausen











is a finitely generated, projective Λ-module, in other words, a strictly perfect com-




is a perfect complex by definition. This completes the proof in the case n = 0.
Assume now n > 0. By Lemma 5.1.12, there exists an integer r and a homo-
morphism
f : Λr → Zn( lim←−
I∈IΛ
PI)
such that the composition
Λr → Zn( lim←−
I∈IΛ
PI)  Hn( lim←−
I∈IΛ
PI)
is surjective. The homomorphism f induces a morphism of complexes
fI : (Λ/I)r[−n]→ P •I
for each I ∈ IΛ. The long exact cohomology sequence associated to the short exact
sequence
P •I  Cone(fI)
•  (Λ/I)r[−n+ 1]
shows that the system of cones (Cone(fI)•)I∈IΛ is an object of PDG
cont(Λ) with
flat dimension 0 and cohomological dimension n− 1. By the induction hypothesis,








P •I  lim←−
I∈IΛ
Cone(fI)•  Λr[−n+ 1],
the projective limit of the complexes P •I is also perfect. 
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Corollary 5.2.4. A morphism
(fI) : (F •I )I∈IΛ → (G•I)I∈IΛ
in PDGcont(Λ) is a quasi-isomorphism if and only if
lim←− fI : lim←−
I∈IΛ
F •I → lim←−
I∈IΛ
G•I
is a quasi-isomorphism in P(Λ).
Proof. Since the projective limit is Waldhausen exact, it takes quasi-iso-






is acyclic. Suppose that there exist an integer n such that Hn(Cone(fJac(Λ))) does
not vanish and that this n is maximal. By Lemma 3.3.6, the transition maps of
the system (Hn(Cone(fI)))I∈IΛ are surjective. As the modules of the system are








we obtain a contradiction. Thus, the fI are quasi-isomorphisms as well. 
On the other hand, we may also view the category of strictly perfect complexes
as a subcategory of PDGcont(Λ).
Proposition 5.2.5. The functor
SP(Λ)→ PDGcont(Λ), P • → (Λ/I ⊗Λ P •)I∈IΛ
is fully faithful and induces a Waldhausen exact equivalence with a Waldhausen
subcategory of PDGcont(Λ).
Proof. Let SPcont(Λ) be the subcategory of PDGcont(Λ) consisting of systems
of strictly perfect complexes. Then Corollary 5.1.13 shows that the above functor









is perfect, but it might not be DG-flat. The problem is that on the category of
perfect complexes P(Λ), we can no longer carry out the construction of the change of
ring functor ΨM given in Section 5.5. However, the next corollary shows that from
a K-theoretic point of view, there is no difference between the category PDGcont(Λ)
and P(Λ).
Corollary 5.2.6. For all integers i ≥ 0 we have
Ki(PDGcont(Λ)) ∼= Ki(Λ).
5.3. LOCALISATIONS 107
Proof. As we showed in Proposition 5.2.5, we can identify the category of
strictly perfect complexes SP(Λ) with a Waldhausen subcategory of PDGcont(Λ).
Let
f : (Λ/I ⊗Λ P •)I∈IΛ → (F •I )I∈IΛ
be a morphism in PDGcont(Λ) with P • strictly perfect. By the Waldhausen ap-
proximation theorem ([TT90], Theorem 1.9.1) we may conclude that
Ki(SP(Λ)) ∼= Ki(PDGcont(Λ))
if we can show that there exists a morphism f ′ : P • → Q• of strictly perfect com-
plexes and a quasi-isomorphism
w : (Λ/I ⊗Λ Q•)I∈IΛ → (F •I )I∈IΛ
such that w ◦ f ′ = f .
According to Lemma 3.3.2, there exists a morphism f ′ : P • → Q• of strictly
perfect complexes and a quasi-isomorphism
w′ : Q• → lim←−
I∈IΛ
F •I
such that w′◦f ′ = lim←− f . This quasi-isomorphism w
′ induces a morphism of systems
w : (Λ/I ⊗Λ Q•)I∈IΛ → (F •I )I∈IΛ
which satisfies w ◦ f ′ = f . With Proposition 3.3.5 we conclude that
Ki(PDGcont(Λ)) ∼= Ki(SP(Λ)) ∼= Ki(Λ).

5.3. Localisations
In [WY92], C. Weibel and D. Yao establish a localisation sequence
. . .→ Kn(SP(R,S))→ Kn(R)→ Kn(S−1R)
d−→ Kn−1(SP(R,S))→ . . .
with a certain subcategory SP(R,S) of SP(R) for any left denominator set S of
R. In this section, we want to construct a corresponding sequence for the category
PDGcont(Λ) and any left denominator set S of an adic ring Λ.
Remark 5.3.1. More generally, such localisation sequences can also be con-
structed for localisations of a ring R with respect to certain sets of maps between
finitely generated, projective modules, see [NR04] and [Nee07].
Definition 5.3.2. Let R be a ring. A multiplicative closed subset S ⊂ R is a
left denominator set if it satisfies the following two conditions:
(1) (Ore condition) For every s ∈ S and every r ∈ R, there exists an s′ ∈ S
and an r′ ∈ R such that
s′r = sr′.
(2) (Annihilators) Let r ∈ R. If there exists an s ∈ S with rs = 0, then there
exists a t ∈ S with tr = 0.
If S ⊂ R is a left denominator set, then the left quotient ring
S−1R =
{
s−1r | s ∈ S, r ∈ R
}
is known to exist and to be flat as right R-module, see [Fai73], Proposition 16.9.
In particular, the functor
P(R)→ P(S−1R), P • 7→ S−1R⊗R P •
is Waldhausen exact.
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Definition 5.3.3. Let Λ be an adic ring and S ⊂ Λ a left denominator set.
We write PDGcont(Λ, S) for the Waldhausen subcategory of PDGcont(Λ) consisting




is a quasi-isomorphism in P(S−1Λ).
The following is our version of the localisation theorem in [WY92].
Proposition 5.3.4. Let Λ be an adic ring and S ⊂ Λ a left denominator set.
There exists a long exact sequence
. . .→ Kn(PDGcont(Λ, S))→ Kn(Λ)→ Kn(S−1Λ)
d−→ Kn−1(PDGcont(Λ, S))→ . . .
. . .→ K1(Λ)→ K1(S−1Λ)
d−→ K0(PDGcont(Λ, S))→ K0(Λ)→ K0(S−1Λ).
Proof. Let SP(Λ, S) be the Waldhausen subcategory of P(Λ) consisting of
those strictly perfect complexes of Λ-modules whose tensor product with S−1Λ is
acyclic. The localisation theorem in [WY92] states that the sequence
. . .→ Kn(SP(Λ, S))→ Kn(Λ)→ Kn(S−1Λ)
d−→ Kn−1(SP(Λ, S))→ . . .
is exact. Hence, we are reduced to proving that
Kn(SP(Λ, S)) ∼= Kn(PDGcont(Λ, S)).
This is in turn an easy consequence of what we showed in Corollary 5.2.6. 
The connecting homomorphism
d : K1(S−1Λ)→ K0(PDGcont(Λ, S))
is given as follows. Every element x in K1(S−1Λ) is represented by
[S−1Λ s−→ S−1Λ]−n[S−1Λn α−→ S−1Λn]
for some s ∈ S and some endomorphism α : Λn → Λn which becomes an isomor-
phism after localising with respect to S. We then have
d(x) = [Cone(s)•]−n[Cone(α)•] ∈ K0(PDGcont(Λ, S))
according to the formula stated in [WY92].
Below, we will deduce a description of the connecting homomorphism in terms
of the 1-type of the K-theory spaces associated to P(S−1Λ) and PDGcont(Λ, S).
We shall need the following supplement on homotopies of crossed modules.
Let 1: M∗ → N∗ denote the trivial morphism of crossed modules that sends every
element of Mi to 1 in Ni. By Lemma 2.1.13, the homotopies into 1 are precisely
the group homomorphisms M0 → N1.
Lemma 5.3.5. Let a : M∗ → N∗ and b : N∗ → P∗ be morphisms of crossed
modules. Every homotopy h : b ◦ a⇒ 1 induces a homomorphism of groups
δh : kerπ0(a)→ cokerπ1(b).
Proof. Let ζ ∈ kerπ0(a). Choose a lift Z of ζ to M∗. Then there exists a
y ∈ N1 with ∂y = a(Z). Set
δh(ζ) = h(Z)b(y−1) ∈ cokerπ1(b).
One checks easily that this element does not depend on the particular choice of Z
and y and that δh is indeed a homomorphism. 
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i. e. a group homomorphism
h : D0(PDGcont(Λ, S))→ D1(P(S−1Λ))
with
∂h = [S−1Λ⊗Λ lim←−]0, h∂ = [S
−1Λ⊗Λ lim←−]1,
see Definition 2.1.11. By Lemma 5.3.5, h induces a homomorphism
δh : ker(K0(PDGcont(Λ, S))→ K0(Λ))→ coker(K1(Λ)→ K1(S−1Λ)).
Proposition 5.3.6. The morphism δh is an isomorphism and the inverse of the
map induced by the connecting homomorphism d : K1(Λ)→ K0(PDGcont(Λ, S)).
Proof. Let α : Λn → Λn be any endomorphism of Λ which becomes an iso-





Λn  Cone(idΛn)•  Λn[1]
][




By construction, we have
δh([Cone(α)•]) = [Cone(α)•























S−1Λn∆′ : // // Cone(idS−1Λn)• // // S−1Λn[1]
imply by (R4) and (R5) of Definition 2.2.1 that
δh([Cone(α)•]) = [Cone(α)
∼−→ 0]∆∆′−1[Cone(id) ∼−→ 0]−1
= [Cone(id) ∼−→ 0][Cone(α) ∼−→ Cone(id)]∆∆′−1[Cone(id) ∼−→ 0]−1
= [Cone(id) ∼−→ 0]∆′[S−1Λn α−→ S−1Λn]([Cone(id) ∼−→ 0]∆′)−1
= [S−1Λn α−→ S−1Λn]
〈
∂([Cone(id) ∼−→ 0]∆′)−1, 1
〉
= [S−1Λn α−→ S−1Λn].
This shows that δh is inverse to the isomorphism
d : coker(K1(Λ)→ K1(S−1Λ))→ ker(K0(PDGcont(Λ, S))→ K0(Λ))
and hence, it is an isomorphism itself. 
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5.4. Perfect Complexes of Adic Sheaves
Let K be an arbitrary field and let X be a K-scheme of finite type, i. e. an
object in the category SchK . Furthermore, we fix an adic ring Λ.
Definition 5.4.1. The following full subcategory of the category of inverse
systems of complexes of sheaves of left Λ-modules on X indexed by IΛ will be
called the category of perfect complexes of adic sheaves PDGcont(X,Λ). An inverse
system (F•I )I∈IΛ is in PDG
cont(X,Λ) if
(1) for each I ∈ IΛ, F•I is in PDG(X,Λ/I),
(2) for each I ⊂ J ∈ IΛ, the transition morphism
ϕIJ : F•I → F•J
of the system induces an isomorphism
Λ/J ⊗Λ/I F•I
∼−→ F•J .
Definition 5.4.2. A complex (P•I )I∈IΛ in PDG
cont(X,Λ) will be called strictly
perfect if it is strictly bounded and each PnI is a constructible sheaf of Λ/I-modules.
The full subcategory of PDGcont(X,Λ) of strictly perfect complexes will be denoted
by SPcont(X,Λ).
Remark 5.4.3. If Λ = Z`, then the subcategory of complexes concentrated
in degree 0 of SPcont(X,Z`) corresponds precisely to the exact category of flat
constructible `-adic sheaves on X in the sense of [Gro77], Exposé VI, Definition
1.1.1. In this sense, we recover the classical theory.
Remark 5.4.4. Sometimes it is also convenient to view the objects in the
categories PDGcont(X,Λ) and SPcont(X,Λ) as complexes of inverse systems instead
of inverse systems of complexes. We take the liberty not to distinguish between
these two notions.
In the rest of this section, we will prove some basic properties of the categories
PDGcont(X,Λ) and SPcont(X,Λ).
Proposition 5.4.5. The two categories PDGcont(X,Λ) and SPcont(X,Λ) are
strictly complicial biWaldhausen categories.
Proof. We use the criterion in Proposition 3.1.1 to verify the claim. Consider
an exact sequence
0 // (FI•)I∈IΛ // (GI
•)I∈IΛ // (HI
•)I∈IΛ // 0
in the category of complexes over the Abelian category of IΛ-systems of sheaves of
Λ-modules such that (FI•)I∈IΛ and (HI
•)I∈IΛ lie in PDG
cont(X,Λ). By Corolla-
ry 4.1.4, the complex GI• is in PDG(X,Λ/I) for each I ∈ IΛ. By the 5-lemma
the transition morphisms induce isomorphisms Λ/J ⊗Λ/I G•I → G•J for every I ⊂ J .
This proves the assertion for PDGcont(X,Λ).
If (F•I )I∈IΛ and (H•I)I∈IΛ are strictly perfect, then clearly, (G•I )I∈IΛ is strictly
bounded. Since the category of constructible sheaves is closed under extensions
according to [AGV72c], Exposé IX, Proposition 2.6.(ii), all the sheaves GnI are
constructible. Hence, (G•I )I∈IΛ is an object in SP
cont(X,Λ). 
Remark 5.4.6. In contrast to what we showed in Corollary 5.2.6, we doubt
that SPcont(X,Λ) and PDGcont(X,Λ) have equivalent K-theories in general.
If X is the spectrum of a separably closed field, the construction of the category
PDGcont(X,Λ) reduces to the case treated in Section 5.2.
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Proposition 5.4.7. Let Λ be an adic ring and K a separably closed field. The
section functor
Γ(SpecK,−) : PDGcont(SpecK,Λ)→ PDGcont(Λ),
(F•I )I∈IΛ 7→ (Γ(SpecK,F•I ))I∈IΛ
is a Waldhausen exact equivalence of categories.
Proof. This follows easily from the fact that the section functor constitutes
an equivalence between the category of sheaves of Abelian groups on SpecK and
the category of Abelian groups, see e. g. [Mil80], Chapter II, Theorem 1.9. 
Remark 5.4.8. If Λ is a finite ring, the zero ideal is open and hence, an element
in IΛ. In particular, the following Waldhausen exact functors are mutually inverse
equivalences for finite rings Λ:
PDGcont(X,Λ)→ PDG(X,Λ), (F•I )I∈IΛ 7→ F•(0),
PDG(X,Λ)→ PDGcont(X,Λ), F• 7→ (Λ/I ⊗Λ F•)I∈IΛ .
Moreover, they induce an equivalence between the categories SPcont(X,Λ) and
SP(X,Λ). By Proposition 4.1.3 we conclude that in this case, every complex in
PDGcont(X,Λ) is quasi-isomorphic to a strictly perfect one.
In general, it is not clear that every complex (F•I )I∈IΛ in PDG
cont(X,Λ) is
quasi-isomorphic to a strictly bounded complex. However, we shall prove below
that there exist uniform bounds for the cohomological and flat dimensions.
Proposition 5.4.9. Let (F•I )I∈IΛ be in PDG
cont(X,Λ) and n,m ∈ Z be such
that Hk(F•Jac(Λ)) = 0 for k > n and the flat dimension of F
•
Jac(Λ) is less or equal to
m. Then the same is true for the complex F•I for each I ∈ IΛ.
Proof. This follows by applying Lemma 5.2.2 for the complexes of stalks in
each closed point x ∈ X0. 
Next, we want to show that any complex (P•I )I∈IΛ in SP
cont(X,Λ) is uniformly
constructible in the sense that there exists a dense open subset U of X such that
for every ideal I in IΛ, the restriction of P•I to U is locally constant.
Definition 5.4.10. We call a system (FI)I∈IΛ of sheaves of Λ-modules on X
a smooth sheaf if FI is a locally constant constructible sheaf of Λ/I-modules on X
for each I ∈ I.
The following proposition extends a similar result for Z`-sheaves proved by
J. P. Jouanolou in [Gro77], Exposé VI, Proposition 1.2.6.
Proposition 5.4.11. Let X be a scheme in SchK and P• = (P•I )I∈IΛ be
in SPcont(X,Λ). For every closed immersion i : S ↪→p X there exists an open
immersion j : U ↪→◦ S with U 6= ∅ such that ((j ◦ i)∗P•I )I∈IΛ is a complex of smooth
sheaves in SPcont(U,Λ).
Proof. Let
gr Λ = Λ/ Jac(Λ)⊕ Jac(Λ)/ Jac(Λ)2 ⊕ Jac(Λ)2/ Jac(Λ)3 ⊕ · · ·
grP• = P•Jac(Λ) ⊕ Jac(Λ)P
•
Jac(Λ)2 ⊕ Jac(Λ)
2P•Jac(Λ)3 ⊕ · · ·
be the associated graded objects. By [Gro77], Exposé V, Lemma 4.2.4, there exists
a canonical surjection
gr Λ⊗Λ/ Jac(Λ) P•Jac(Λ)  grP
•.
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As the stalks of P•I are finitely generated and projective, one checks easily that
in our case, this surjection is an isomorphism. Since P•Jac(Λ) is a bounded com-
plex of constructible sheaves the existence of the open immersion j follows from
the definition of constructibility. By the above isomorphism, all the complexes
(j ◦ i)∗ Jac(Λ)kP•Jac(Λ)k+1 will be locally constant constructible. Since the cate-
gory of locally constant sheaves is stable under extensions ([AGV72c], Exposé IX,
Lemma 2.1), the exact sequence
0 // Jac(Λ)kP•Jac(Λ)k+1 // P
•
Jac(Λ)k+1
// P•Jac(Λ)k // 0
implies by induction that (j ◦ i)∗P•Jac(Λ)k is locally constant constructible for each
k. The same statement then follows for arbitrary I ∈ IΛ as well. 
Remark 5.4.12. We expect that for a complex F• in PDG(X,R), there exists
an open dense subset U of X such that the restriction of F• to U has smooth
cohomology sheaves.
In Section 4.3, Section 4.5, and Section 4.6, we constructed Waldhausen exact
functors that model extensions by zero, higher direct images with and without
proper support, and total derived section functors. Their constructions extend
naturally to the category of perfect complexes of adic sheaves.
Definition 5.4.13. If F • is any of the functors
j!, Rf∗, Rf! (and its variants for compositions g ◦ f),
RΓ(X,−), RΓ(X,−), RΓc(X,−), RΓc(X,−)
(and the variants for the composition with Rf!),
and (P•I )I∈IΛ is a complex in PDG
cont(X,Λ), we set
F •((PI)I∈IΛ) = (F •(PI))I∈IΛ .
We only need to verify that the composition
Λ/J ⊗Λ/I F •(PI)
t−→ F •(Λ/J ⊗Λ/I PI)→ F •(PJ)
is an isomorphism for I ⊂ J . We recall from Proposition 3.2.12 that this is indeed
the case, as Λ/J is a finitely generated Λ/I-module. Furthermore, we extend in the
obvious way the definitions of the various comparison quasi-isomorphisms that can
be found in the sections listed above.
Example 5.4.14. If K is a field with the finiteness property with respect to
Λ/ Jac(Λ) (see Definition 4.6.1) and if X is a separated scheme of finite type over
K, we obtain functors
RΓc(X,−), RΓc(X,−) : PDGcont(X,Λ)→ PDGcont(Λ).
For every separated morphism Y → X in SchK we obtain chains of comparison
quasi-isomorphisms
c : RΓc(Y,−) ∼ RΓc(X,Rf!−),
c : RΓc(Y ,−) ∼ RΓc(X,Rf!−)
that are compatible with the natural cofibrations
RΓc(X,−)  RΓc(X,−),
see Section 4.6.
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5.5. Changing the Coefficient Ring
Definition 5.5.1. Let Λ and Λ′ be two adic rings. We denote by Λop-SP(Λ′)
the category of complexes of Λ′-Λ-bimodules (with Λ′ acting from the left, Λ acting
from the right) which are perfect as complexes of Λ′-modules.
As before, one proves
Proposition 5.5.2. The category Λop-SP(Λ′) is a strictly complicial biWald-
hausen category.
Proof. View Λop-SP(Λ′) as a subcategory of the category of complexes of
Λ′-Λ-bimodules and apply Lemma 3.1.8. 
Definition 5.5.3. For (F•I )I∈IΛ ∈ PDG
cont(X,Λ) and M• ∈ Λop-SP(Λ′) we
set
ΨM ((F•I )I∈IΛ) = ( lim←−
J∈IΛ
Λ′/I ⊗Λ′ (M ⊗Λ FJ)•)I∈IΛ′ .
Because of the non-exactness of infinite direct products in the category of
sheaves, taking inverse limits may seem like a perilous act. However, in the above
case, the situation is completely harmless. Note that the annihilator
A = {x ∈ Λ | Λ′/I ⊗Λ M•x = 0}
is an open two-sided ideal of Λ and therefore, an element of IΛ. If J ∈ IΛ is
contained in this annihilator, then we have
Λ′/I⊗Λ′ (M ⊗ΛFJ)• ∼= Λ′/I⊗Λ′ (M ⊗Λ/AΛ/A⊗Λ/J FJ)• ∼= Λ′/I⊗Λ′ (M ⊗ΛFA)•.
In particular, since IΛ is filtered,
lim←−
J∈IΛ
Λ′/I ⊗Λ′ (M ⊗Λ FJ)• ∼= Λ′/I ⊗Λ′ (M ⊗Λ FA)•.
With this simpler description, it is easy to verify that ΨM ((F•I )I∈IΛ) is a complex
in PDGcont(X,Λ′). We chose the above limit description because of its functorial
properties with respect to M•.
Proposition 5.5.4. Let M• be a complex in Λop-SP(Λ′) and let (F•I )I∈IΛ be
in PDGcont(X,Λ). The following functors are Waldhausen exact:
ΨM : PDGcont(X,Λ)→ PDGcont(X,Λ′),
Ψ(−)((F•I )I∈IΛ) : Λop-SP(Λ′)→ PDG
cont(X,Λ′).
Proof. First, we consider ΨM . Let J be an open two-sided ideal of Λ′ and I
be an open two-sided ideal contained in the annihilator of Λ/I ⊗M•. It suffices to
prove that
PDG(X,Λ/I)→ PDG(X,Λ′/J), P• 7→ Λ′/J ⊗Λ′ (M ⊗Λ/I P)•
is Waldhausen exact. We use Lemma 3.1.8. If K• ∼−→ Λ′/J ⊗Λ′ M• is a resolution
of M• by a bounded above complex of flat right Λ/I-modules, the DG-flatness of
P• implies that the induced morphism
(K ⊗Λ/I P)• → Λ′/J ⊗Λ′ (M ⊗Λ/I P)•
is a quasi-isomorphism in Kom(X,Z). In particular, the tensor product with M•
takes acyclic complexes in PDG(X,Λ/I) to acyclic complexes since K• has this
property for all acyclic complexes in Kom(X,Λ/I). If P•1  P•2  P•3 is an exact
sequence in PDG(X,Λ/I), then the flatness of each of the individual sheaves Pn3
guarantees that the corresponding sequence of double complexes
M• ⊗Λ/I P•1  M• ⊗Λ/I P•2  M• ⊗Λ/I P•3
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is exact and hence, the same is true for the associated sequence of total complexes.
This concludes the proof of the Waldhausen exactness of ΨM .
Let us now prove the Waldhausen exactness of the functor Ψ(−)((F•I )I∈IΛ). If
M• is an acyclic complex in Λop-SP(Λ′), then Λ′/J ⊗Λ′ M• is acyclic and if A is
contained in the annihilator of this complex, then this is still true for
Λ′/J ⊗Λ′ (M ⊗Λ/A FA)• ∼= lim←−
I∈IΛ
Λ′/J ⊗Λ′ (M ⊗Λ FI)•.




3 is an exact sequence in Λ
op-SP(Λ′), it remains exact after
tensoring it with Λ′/J from the left. Taking A to be contained in the intersection
of the annihilators of the complexes Λ′/J ⊗Λ′ M•i , we obtain an exact sequence
Λ′/J ⊗Λ′ (M1⊗Λ/A FA)•  Λ′/J ⊗Λ′ (M2⊗Λ/A FA)•  Λ′/J ⊗Λ′ (M1⊗Λ/A FA)•.
Passing to the inverse limit over the lattice IΛ results in an isomorphic exact se-
quence. By Lemma 3.1.8 we conclude that Ψ(−)((F•I )I∈IΛ) is Waldhausen ex-
act. 
Remark 5.5.5. The same construction also defines a Waldhausen exact functor
ΨM : PDGcont(Λ)→ PDGcont(Λ′).
Let F : PDGcont(X,Λ) → PDGcont(Y,Λ) be any of the functors appearing in
Definition 5.4.13, M• be a complex in Λop-SP(Λ′), and (F•I )I∈IΛ be a complex in
PDGcont(Y,Λ). For any J ∈ IΛ′ and any I ∈ IΛ we consider the morphisms
t : Λ′/J ⊗Λ′ (M ⊗Λ FFI)• → Λ′/J ⊗Λ′ (M ⊗Λ FI)•




Λ′/J ⊗Λ′ (M ⊗Λ FI)•)→ lim←−
I∈IΛ
F (Λ′/J ⊗Λ′ (M ⊗Λ FFI)•)
is an isomorphism for trivial reasons, we obtain a morphism
tJ : lim←−
I∈IΛ
Λ′/J ⊗Λ′ (M ⊗Λ FFI)• → F ( lim←−
I∈IΛ
Λ′/J ⊗Λ′ (M ⊗Λ FI)•).
Definition 5.5.6. We set
t = (βJ)J∈IΛ′ : ΨMF ((F
•
I )I∈IΛ)→ FΨM ((F•I )I∈IΛ).
Proposition 5.5.7. The natural transformation t : Ψ(−)F → FΨ(−) is a quasi-
isomorphism and commutes with the associated comparison quasi-isomorphisms.
Proof. This is immediate from Remark 3.2.10 and from the results in Sec-
tion 4.3, Section 4.5, and Section 4.6. 
We can now consider three adic rings Λ, Λ′, and Λ′′ as well as complexes M• in
Λop-SP(Λ′) and N• in Λ′op-SP(Λ′′), respectively. In this situation, we can construct
a comparison quasi-isomorphism for the composition ΨNΨM with ΨN⊗Λ′M . We
will sketch this construction below, but will not make any use of it.
If J is an open two-sided ideal of Λ′′, A ∈ IΛ′ is contained in the annihilator
of Λ′′/J ⊗Λ′ N• and B ∈ IΛ is contained in the annihilator of Λ′/A⊗Λ′ M•, then
B is also contained in the annihilator of
Λ′′/J ⊗Λ′′ (N ⊗Λ′ M)• ∼= Λ′′/J ⊗Λ′′ (N ⊗Λ′/A Λ′/A⊗Λ′ M)•.
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By the special shape of the inverse limits appearing in the definition of ΨM , we









Λ′′/J ⊗Λ′′ (N ⊗Λ′ lim←−
I∈IΛ
Λ′/I ′ ⊗Λ′ M ⊗Λ FI)•.
and hence, an isomorphism
c : ΨN⊗Λ′M
∼=−→ ΨNΨM .
One checks easily that the morphism c is compatible with the morphism t and the
natural associativity isomorphism
a : ((L⊗Λ′′ N)⊗Λ′ M)•
∼=−→ (L⊗Λ′′ (N ⊗Λ′ M))•



















































5.6. The Twist Invariance Property
We recall the concept of principal coverings from [Gro03], Definition 2.8.
Definition 5.6.1. Let f : Y → X be a finite étale morphism in SchK . Assume
that G is a finite group acting from the right on Y over X. Then Y is a principal




idY ×σ−−−−−−→ Y ×X Y
is an isomorphism. Let f ′ : Y ′ → X be a second principal covering. A group
homomorphism G′ → G together with a morphism of X-schemes Y ′ → Y that
is compatible with the induced group action of G′ on Y is called a morphism of
principal coverings.
116 5. PERFECT COMPLEXES OF ADIC SHEAVES
Let f : Y → X be a principal covering with Galois group G and ϕ0 : U → Y be
an étale morphism of finite type with U connected. Then ϕ0 induces an isomorphism
U ×X Y ∼= U ×Y Y ×X Y ∼=
⊔
σ∈G




which in turn induces an isomorphism




In particular, if Uϕ denotes the Y -scheme U







idU×ϕ−−−−−−→ U ×X Y.
Let R be any ring and F be a sheaf of left R-modules on Y . We recall that





For the principal covering f , we can define an isomorphism ξ : f! → f∗ as follows.
If U → X is an étale morphism that does not factor through Y , there is nothing to
do. Otherwise, we may restrict to the case that U is connected and define




F(a−1)−−−−−→ F(U ×X Y ) = f∗F(U).
If F is a sheaf of left R-modules on X, then f!f∗F is in a natural way a sheaf
of left R[G]-modules on X. Indeed, for any étale morphism U → X, the group G
acts from the right on the set HomX(U, Y ) and hence, from the left on the module⊕
ϕ∈HomX(U,Y )
F(U)
by permuting the components of the direct sum.
This action of G on f!f∗F agrees with the obvious action of G on f∗f∗F under
the isomorphism ξ. This can be seen by checking the commutativity of the following





























is given by the action of G on HomX(x, Y ). In particular, for the constant sheaf
RX on X, the sheaf f!f∗RX is a locally constant flat sheaf of R[G]-modules whose
stalks in every point are isomorphic to R[G].
If f ′ : Y ′ → X is a second principal covering with Galois group G′ and if
g : Y ′ → Y is a morphism of principal coverings, then the natural morphism
f ′! f
′∗F ∼= f!g!g∗f∗F → f!f∗F
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is compatible with the group action of G′ on both sides. Moreover, one can easily
check on the stalks that it induces an isomorphism
R[G]⊗R[G′] f ′! f ′∗F ∼= f!f∗F .
On the other hand, we also obtain a natural morphism
ρ : f!f∗F ∼= f∗f∗F → f∗g∗g∗f∗F ∼= f ′! f ′∗F ,
which is again compatible with the group action of G′ on both sides.
Consider now a sheaf F of right R-modules on X. The group G acts from
the left on the R-module F(Y ). We turn F(Y ) into a R[G]-module by using the
contragredient action
F(Y )×G→ F(Y ), (s, σ) 7→ F(σ−1)(s).
Definition 5.6.2. Let f : Y → X be a principal covering and let F be a sheaf
of right R-modules on X. We define as follows a morphism
δ : F(Y )⊗R[G] f!f∗RX → F
of sheaves of right R-modules on X: If U → X does not factor through Y , there is
nothing to do. Otherwise, we may assume that U is connected. In this case, we set








If f ′ : Y ′ → X is a second principal covering with Galois group G′ and g : Y ′ →









F(Y ′)⊗R[G] f ′! f ′∗RX
δ
44jjjjjjjjjjj
commutes. By passing to the stalks one can further verify that the morphism δ is
an isomorphism if f∗F is a constant sheaf on Y . We note that in this case, the
above morphism F(g)⊗ ρ must also be an isomorphism.
Now, we extend this concept to inverse systems of coverings.
Definition 5.6.3. Let ` be a prime number. We call an inverse system
(fn : Xn → X)n∈N
of principal coverings with Galois groups Gn an `-admissible pro-covering with
Galois group G = lim←−Gn if
(1) the group homomorphisms Gn′ → Gn are surjective for n′ ≤ n,
(2) the profinite group G is topologically finitely generated and the `-Sylow
subgroup of G is of finite index.
In particular, the Galois group G of an `-admissible pro-covering fulfills the
premises of Proposition 5.1.16 and thus, Λ[[G]] is an adic Z`-algebra if the same is
true for Λ.
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Definition 5.6.4. Let Λ be an adic Z`-algebra and (fn : Xn → X)n∈N be an











where (Λ/I)X denotes the constant sheaf of Λ/I-modules on X.





Λ[[G]]/J ⊗Λ[[G]] fn!f∗n(Λ/I)X → Λ[[G]]/J ⊗Λ[[G]] fn0!f∗n0(Λ/I0)X
is an isomorphism. Using this and the preceding remarks it is easy to see that
Λ[[G]]]X may be viewed as a complex in SP
cont(X,Λ[[G]]) that is concentrated in
degree 0.
We are now ready to prove our twist invariance result. For this, we will assume
that the base field K has the finiteness property from Definition 4.6.1. In fact,
it would suffice to require that the first étale cohomology group H1(X,Z/(`)X) is
finite for every X in SchK .
Theorem 5.6.5. Let K be a field that has the finiteness property. Fix a prime
` different from the characteristic of K and an adic Z`-algebra Λ. Assume that X is
a connected scheme in SchK and let F• = (F•I )I∈IΛ be a complex of smooth sheaves
in SPcont(X,Λ). Then there exists an `-admissible pro-covering (fn : Xn → X)n∈N
with Galois group G, a complex M• in Z`[[G]]op-SP(Λ), and an isomorphism
ΨM (Z`[[G]]]X) ∼= F
•
Proof. Let πét1 (X,x) be the étale fundamental group of X with respect to a




of finitely generated projective Λ-modules on which πét1 (X,x) acts continuously from








By Proposition 5.1.14, the group G has a normal pro-`-subgroup








We show that G is finitely generated. By [NSW00], Proposition 3.9.1 it suffices
to prove that the first cohomology group
H1(H,Z/(`))
of the group H is finite. The preimage of H in πét1 (X,x) is normal and of finite
index and hence, it is isomorphic to πét1 (Y, y) for a connected principal covering Y
of X and a freely chosen basepoint y ∈ Y 0 over x. By [AGV72b], Exposé VII,
Section 2.b, we have
H1(πét1 (Y, y),Z/(`)) ∼= H
1
ét(Y,Z/(`)Y )
and the latter group is finite by [Del77], Th. finitude, Corollary 1.10 and our
assumption on the base field. Since H1(H,Z/(`)) can be identified with a subgroup
of H1(πét1 (Y, y),Z/(`)) via the restriction mapping, it is also finite and hence, G is
finitely generated.
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Let N be the lattice of open normal subgroups of G. Each element U of N then
corresponds to a connected principal covering fU : XU → X with Galois group
G/U . By the preceding argument we conclude that the system (fU )U∈N is an
`-admissible pro-covering.
We turn M• into a complex in Z`[[G]]op-SP(Λ) by using the contragredient
action
M• ×G→M•, (m,σ) 7→ σ−1m.
It remains to construct an isomorphism
ΨM (Z`[[G]]]X) ∼= (F
•
I )I∈IΛ .
Let I be an open ideal of Λ. We can find an open normal subgroup UI of G and
an integer nI such that f∗UIF
•
I is constant and such that
lim←−
J∈IZ`[[G]]


















where δ is the morphism constructed in Definition 5.6.2. It is easy to check
that this identification is compatible with the transition morphisms of the systems
ΨM (Z`[[G]]]X) and (F•I )I∈IΛ , i. e. the two systems are indeed isomorphic. 




In particular, the cohomology of Z`[[G]]]X determines the cohomology of F•.
Proof. Apply RΓ(X,−) to the isomorphism in Theorem 5.6.5 and use that
the total derived section functor commutes with ΨM up to a quasi-isomorphism. 
Remark 5.6.7. Theorem 5.6.5 can be extended to non-connected schemes as
follows. We denote by Xi, i = 1, . . . , k the connectivity components of X. Let
(Xi,U )U∈Ni be the `-admissible pro-covering with Galois group Gi and let M
•
i the





















Then (XU1,...,Uk) is an `-admissible pro-covering with Galois group G and





Applications to Special Values of L-Functions
As an application of the theory developed in the previous chapters, we will now
prove the theorems that we announced in the introduction as well as some further
results.
The chapter is structured as follows. In Section 6.1 we establish a Waldhausen
exact sequence
RΓc(X,−)  RΓc(X,−)  RΓc(X,−)
for any separated scheme X over a finite field. It represents a Waldhausen model
for the usual distinguished triangle that relates étale cohomology of the geometric
scheme X to the étale cohomology of the arithmetic scheme X. Although the proof
of its exactness is not very deep, this result is fundamental for everything that
follows.
As a direct consequence, we prove that the map induced by RΓc(X,−) on theK-
theory space is homotopic to zero. This might also be interpreted as a generalisation
of the vanishing of the Euler characteristic of this complex. Further, we show by
similar methods that the same is true for separated schemes over nonarchimedian
local fields.
Section 6.2 treats the theory of L-functions in the context of general adic rings.
The idea is to assign L-functions to every perfect complex of adic sheaves, allow-
ing also noncommutative coefficients. These L-functions are viewed as elements
in the first K-group of the power series ring Λ[[T ]] and are conjectured to satisfy
a noncommutative analogue of the Grothendieck trace formula. We also discuss
a method how to assign special values to these functions. If we restrict to com-
mutative adic rings, we retrieve the usual L-functions considered in the context of
the Weil conjectures. However, it seems unlikely that one can carry out similar
constructions in the number field case.
In Section 6.3 we formulate and prove the analogue of T. Fukaya’s and K. Kato’s
central conjecture on special L-values for separated schemes over finite fields. The
essential ingredient is again the above exact sequence, together with a simple case
of the twist invariance result that we discussed in the previous chapter.
In Section 6.4 we deduce from our analogue of T. Fukaya’s and K. Kato’s
conjecture a noncommutative generalisation of P. Báyer’s and J. Neukirch’s result
on special values of L-functions. We will also explain in full length how this relates
to the original result.
There are quite a few applications that we had to leave out due to lack of time.
We regret especially that we are not able discuss how the results in Section 6.3 relate
to the classical Iwasawa main conjecture and the GL2 main conjecture. Moreover,
we would have liked to discuss also the relative situation over curves and, related
to this, the results of [Sch82b] on the Birch and Swinnerton-Dyer conjecture over
function fields. We hope to catch up with this in future publications.
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6.1. The Fundamental Exact Sequence
Throughout this chapter we let F denote a finite field of characteristic p > 0,
with q = pν elements. Furthermore, we fix an algebraic closure F of F.





we introduced in Chapter 5 a Waldhausen category PDGcont(X,Λ) of perfect com-
plexes of adic sheaves on X (see Definition 5.4.1).
Moreover, we defined – under the assumption that p ∈ Λ× – Waldhausen exact
functors
RΓ(X,−),RΓ(X,−) : PDGcont(X,Λ)→ PDGcont(Λ),
where PDGcont(Λ) is a slightly adapted version of the category of perfect complexes
of Λ-modules, see Definition 5.2.1. These functors model the higher derived section
functors over X and over the base change to the algebraic closure
X = X ×Spec F Spec F.
This means, the cohomology groups of the complex of Λ-modules RΓ(X,F•) agree
with the continuous étale cohomology of the complex F• of sheaves of Λ-modules
on X.
We recall from Section 4.6 that the above two functors are given as the com-
position of the higher direct image functor
Ra∗ : PDGcont(X,Λ)→ PDGcont(Spec F,Λ)
with the section functors Γ(Spec F,−) and Γ(Spec F,−), respectively. Here, a : X →
Spec F denotes the structure map of X.
Likewise, for a separated scheme X, we constructed Waldhausen exact models
RΓc(X,−),RΓc(X,−) : PDGcont(X,Λ)→ PDGcont(Λ),
for the continuous étale cohomology with proper support. They are defined as the
composition of the higher direct image functor with proper support
Ra! : PDGcont(X,Λ)→ PDGcont(Spec F,Λ)
with the section functors Γ(Spec F,−) and Γ(Spec F,−).
Definition 6.1.1. We write FF ∈ Gal(F/F) for the geometric Frobenius auto-
morphism
F→ F, x 7→ x
1
q .
The geometric Frobenius automorphism FF acts on Γ(Spec F,−) and hence,
also on RΓ(X,−) and RΓc(X,−). Moreover, the natural injection Γ(Spec F,−) 
Γ(Spec F,−) induces injections
RΓ(X,−)  RΓ(X,−), RΓc(X,−)  RΓc(X,−),
which are cofibrations in the category of Waldhausen exact functors
Fun(PDGcont(X,Λ),PDGcont(Λ))
that we constructed in Definition 2.4.5.
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Proposition 6.1.2. Let F be a finite field and Λ an adic ring.
(1) Assume that the characteristic of F is invertible in Λ. Then for every
scheme X in SchF, the sequence
RΓ(X,−) // // RΓ(X,−)
id−FF// // RΓ(X,−)
is a cofibre sequence in Fun(PDGcont(X,Λ),PDGcont(Λ)).
(2) For every separated scheme X in SchF, the sequence
RΓc(X,−) // // RΓc(X,−)
id−FF// // RΓc(X,−)
is a cofibre sequence in Fun(PDGcont(X,Λ),PDGcont(Λ)).
Proof. For every Abelian torsion sheaf F on Spec F the sequence
0→ H0ét(Spec F,F)→ H
0
ét(Spec F,F)
1−FF−−−→ H0ét(Spec F,F)→ H
1
ét(Spec F,F)→ 0
is exact, see [NSW00], Proposition 1.6.13. Moreover, H1ét(Spec F,F) = 0 for every
flabby sheaf F . For any complex G• in PDGcont(X,Λ), the complexes
Ra∗G•, Ra!G•
are (inverse systems of) complexes of flabby sheaves according to Proposition 4.3.6
and Proposition 4.5.12. Hence, the degreewise application of the cofibre sequence
Γ(Spec F,−) // // Γ(Spec F,−)
id−FF// // Γ(Spec F,−)
to these complexes yields cofibre sequences in PDGcont(Λ). By Proposition 3.1.9,
this means that the sequence of the composite functors is a cofibre sequence in
Fun(PDGcont(X,Λ),PDGcont(Λ)). 
We can now deduce Theorem 4, as announced in the introduction. If W is a
Waldhausen category, then we write
K(W)
for the full K-theory space of W constructed in [Wal85].















Proof. This is a direct consequence of Proposition 6.1.2 and F. Waldhausen’s
additivity theorem [Wal85], Proposition 1.3.2. The latter says that any cofibre
sequence
F  G  H
in the category of Waldhausen exact functors Fun(W1,W2) between two Wald-
hausen categories W1 and W2 implies the existence of a homotopy K(F ⊕H) ⇒
K(G). If G = H, it follows that K(F ) is homotopic to 0. 
The following corollary generalises the statement that the Euler characteristic
of the cohomology with compact support over the F-scheme X vanishes.
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Corollary 6.1.4. Let X be a scheme in SchF and assume that the character-
istic of F is invertible in the adic ring Λ. For each integer i ≥ 0, the homomorphism
Ki(PDGcont(X,Λ))→ Ki(Λ)
induced by the functor RΓ(X,−) is the zero homomorphism. If X is separated over
F, the same is true for RΓc(X,−).
Proof. By definition, we have
Ki(W) = πi(KW)
for every Waldhausen category W. In particular, we have
Ki(Λ) = πi(KPDGcont(Λ))
according to Corollary 5.2.6. Since homotopic maps induce the same homomor-
phisms on the homotopy groups, the corollary follows from the previous theo-
rem. 
A comparable result also holds for nonarchimedian local fields. This generalises
the easy part of a classical theorem by J. Tate, see e. g. [NSW00], Theorem 7.3.1.
Proposition 6.1.5. Let K be a nonarchimedian local field. Assume that the
characteristic of the residue field is invertible in the adic ring Λ. For every scheme
X in SchK and for each integer i ≥ 0, the homomorphism
Ki(PDGcont(X,Λ))→ Ki(Λ)
induced by the functor RΓ(X,−) is the zero homomorphism. If X is separated over
K, the same is true for RΓc(X,−).
Proof. Let Knr be the maximal nonramified extension of K in a fixed sepa-
rable closure K of K and write
s : SpecKnr → SpecK
for the scheme morphism induced by the inclusion K ⊂ Knr. Let furthermore
f : X → SpecK denote the structure map of X. For any complex F• in the
category PDGcont(X,Λ) we set
RΓ(Xnr,F•) = Γ(SpecKnr, s∗Rf∗F•).
Recall from Example 4.6.3 that Knr has the finiteness property with respect to Λ/I
for each I ∈ IΛ. In particular,
RΓ(Xnr,F•) ∈ PDGcont(Λ).
Write FK ∈ Gal(Knr/K) for the geometric Frobenius automorphism. By the same
argument as in Proposition 6.1.2, the sequence
RΓ(X,F•) // // RΓ(Xnr,F•) id−FK// // RΓ(Xnr,F•)
is a cofibre sequence. The additivity theorem [Wal85], Proposition 1.3.2, applied
to this sequence, implies
Ki(RΓ(X,−)) = 0
as claimed. The proof for RΓc(X,−) follows along the same lines. 
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6.2. L-Functions
Consider an adic ring Λ and let
Λ[[T ]]
denote the ring of power series in the indeterminate T (where T is assumed to
commute with every element of Λ). The ring Λ[[T ]] is obviously still an adic ring
whose Jacobson radical Jac(Λ[[T ]]) is generated by Jac(Λ) and T . In particular, we
conclude from Proposition 5.1.17 that
K1(Λ[[T ]]) = lim←−
n
K1(Λ[[T ]]/ Jac(Λ[[T ]])n)
is a profinite group.
Let F be a finite field. As before, we write X0 for the set of closed points of a
scheme X in SchF. If x ∈ X0 is a closed point, then
x = x×Spec F Spec F
consists of finitely many points, whose number is given by the degree of x, i. e. the
degree deg(x) of the residue field k(x) of x as a field extension of F. Let
sx : x→ X
denote the structure map. For any complex
F• = (F•I )I∈IΛ
in PDGcont(X,Λ), we write
F•x = (Γ(x, s∗xF•I ))I∈IΛ .
This defines a Waldhausen exact functor
PDGcont(X,Λ)→ PDGcont(Λ), F• 7→ F•x .






The geometric Frobenius automorphism FF operates on F•x through its action
on x. Hence, it also operates on ΨΛ[[T ]](F•x). Here,
ΨΛ[[T ]] : PDG
cont(Λ)→ PDGcont(Λ[[T ]])
denotes the change of ring functor with respect to the Λ[[T ]]-Λ-bimodule Λ[[T ]], as
constructed in Definition 5.5.3. The morphism
id− FFT : ΨΛ[[T ]](F•x)→ ΨΛ[[T ]](F•x).





Definition 6.2.1. The class
Ex(F•, T ) = [ΨΛ[[T ]](F•x)
id−FFT−−−−−→ ΨΛ[[T ]](F•x)]−1
in K1(Λ[[T ]]) is called the Euler factor of F• at x.
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By either appealing to Theorem 2.4.7 or by a direct calculation one can verify
that the Euler factor is multiplicative on exact sequences and that
Ex(F•, T ) = Ex(G•, T )
if the complexes F• and G• are quasi-isomorphic. Hence, the above assignment
extends to a homomorphism
Ex(−, T ) : K0(PDGcont(X,Λ))→ K1(Λ[[T ]]).
We identify the category of strictly perfect complexes SP(Λ) with a subcategory
of PDGcont(Λ) via the functor
SP(Λ)→ PDGcont(Λ), P • 7→ (Λ/I ⊗Λ P •)I∈IΛ
as in Proposition 5.2.5. Lemma 3.3.2.(3) implies that there exists an endomor-
phism of a strictly perfect complex of Λ-modules f : P • → P •, a quasi-isomorphism
q : P • ∼−→ F•x , and a chain homotopy h : q ◦ f ⇒ FF ◦ q, i. e.
∂h+ h∂ = q ◦ f − FF ◦ q.
Hence, we also have











is commutative up to homotopy. By Lemma 3.1.6 we conclude that
Ex(F•, T ) = [ΨΛ[[T ]](P •)





id−fT−−−−→ Λ[[T ]]⊗Λ Pn](−1)
n+1
in K1(Λ[[T ]]).
Lemma 6.2.2. Let ξ ∈ x be a geometric point. Then
Ex(F•, T ) = [ΨΛ[[T ]](F•ξ )
id−Fk(x)Tdeg(x)−−−−−−−−−−→ ΨΛ[[T ]](F•ξ )]−1.
Proof. The Frobenius automorphism FF induces isomorphisms F•FkF ξ
∼= F•ξ for
k = 1, . . . ,deg(x). For k = deg(x) we have FkFξ = ξ and the isomorphism is given
by the operation of Fk(x) on F•ξ . Hence, we may identify F•x with the complex
(F•ξ )deg(x), on which the Frobenius FF acts through the matrix
0 . . . . . . . 0 Fk(x)
id 0 . . . . . . . 0
0 id 0 . . . 0
...
. . . . . . . . .
...
0 . . . 0 id 0
 .
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Let A be the automorphism of ΨΛ[[T ]]((F•ξ )deg(x)) given by the matrix
id 0 . . . . . . . . . . 0
idT id 0 . . . 0
idT 2 idT id 0
...
...
. . . . . . . . . 0
idT deg(x)−1 . . . idT 2 idT id

Then A(id− FFT ) corresponds to the matrix
id 0 . . . 0 −Fk(x)T




0 . . . 0 id −Fk(x)T deg(x)−1





Moreover, we have [A] = 1 in K1(Λ[[T ]]). Hence,
[ΨΛ[[T ]](F•x)
id−FFT−−−−−→ ΨΛ[[T ]](F•x)] = [ΨΛ[[T ]](F•ξ )
id−Fk(x)Tdeg(x)−−−−−−−−−−→ ΨΛ[[T ]](F•ξ )]
as claimed. 
Proposition 6.2.3. The infinite product∏
x∈X0
Ex(F•, T )
converges in the profinite topology of K1(Λ[[T ]]).
Proof. For each integer m, there exist only finitely many closed points x ∈ X0
with deg(x) < m. If deg(x) ≥ m, then we conclude from Lemma 6.2.2 that the
image of Ex(F•, T ) in K1(Λ[T ]/(Tm)) is 1. 
Definition 6.2.4. The L-function of the complex F• in PDGcont(X,Λ) is
given by
L(F•, T ) =
∏
x∈X0
Ex(F•, T ) ∈ K1(Λ[[T ]])
Remark 6.2.5. If Λ is commutative, the determinant provides an isomorphism
det : K1(Λ[[T ]])→ Λ[[T ]]×,
see Remark 5.1.18. In particular, we see that the L-function agrees with the one
defined in [Del77], Fonction L mod `n, in the case of finite commutative rings.
Theorem 6.2.6 (Deligne). Let F be a finite field of characteristic p and let Λ
be a commutative adic ring such that p is invertible in Λ. Then





) id−FFT−−−−−→ ΨΛ[[T ]](RΓc(X,F•))]−1
in K1(Λ[[T ]]) for every separated scheme X in SchK and every complex F• in
PDGcont(X,Λ).
Proof. Clearly, we may reduce to the case of finite commutative rings. In this
setting, the claim was proved in [Del77], Fonction L mod `n, Theorem 2.2.(a). 
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Remark 6.2.7.
(1) Theorem 6.2.6 is still true if Λ is a noncommutative adic ring. The proof
of this claim will be given elsewhere.
(2) The formula in Theorem 6.2.6 is also valid if Λ is a finite field of charac-
teristic p, see [Del77], Fonction L mod `n, Theorem 2.2.(b). However, it
does not extend to more general adic Zp-algebras. We refer to loc. cit.,
§4.5 for a counterexample.
Next, we want to evaluate the L-function at T = 1. For this, it will be conve-
nient to extend the functor RΓc(X,−) as follows. Let S ⊂ Λ be a left denominator
set in the adic ring Λ and let S−1Λ denote the left quotient ring of Λ with respect
to S. (We refer to Section 5.3 for a definition of those notions.) As usual, we write
P(S−1Λ) for the category of perfect complexes over S−1Λ.
Definition 6.2.8. We let
S−1RΓc(X,−) : PDGcont(X,Λ)→ P(S−1Λ)
denote the Waldhausen exact functor
(F•I )I∈IΛ 7→ S−1Λ⊗Λ lim←−
I∈IΛ
RΓc(X,F•I )
We now restrict to commutative adic rings Λ and let S be the denominator
set of nonzero divisors. Recall that in this situation, Λ is always Noetherian, see
Remark 5.1.5. In particular, the set Ass Λ of associated primes is finite ([Bou89],
Chapter IV, Theorem 2). Since S consists precisely of those elements in A which
do not lie in any associated prime (loc. cit., Chapter IV, Proposition 10), the total
ring of fractions S−1Λ is a semilocal ring whose maximal ideals correspond to the
maximal elements in Ass Λ (loc. cit., Chapter II, Proposition 17). Hence, its first
K-group is given by the group of units, see Remark 5.1.18.
Consider the denominator set
S̃ =
{












(p, T − 1)
)
⊂ Λ[T ].
Then S̃−1(Λ[T ]) is a semilocal subring of Λ[[T ]]. Moreover, 1 + (a − 1)T ∈ S̃ for
any a ∈ S. Hence, the homomorphism
S̃−1Λ[T ]→ S−1Λ, T 7→ 1
is surjective with kernel (T − 1).
The Waldhausen exact functors
SP(S̃−1(Λ[T ]))→ SP(Λ[[T ]]), P • 7→ Λ[[T ]]⊗S̃−1(Λ[T ]) P
•,
SP(S̃−1(Λ[T ]))→ SP(S−1Λ), P • 7→ (P/(T − 1)P )•,
between the categories of strictly perfect complexes induce homomorphisms on the










Λ[[T ]]× S̃−1(Λ[T ])×
T 7→1 //⊃oo S−1Λ×
commutes.
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Proposition 6.2.9. Let Λ be a commutative adic ring such that the character-
istic of F is invertible in Λ. Assume that F• is a complex in PDGcont(X,Λ) such
that S−1RΓc(X,F•) is acyclic. Then
L(F•, T ) ∈ K1(S̃−1(Λ[T ]))
and
L(F•, 1) = [S−1RΓc(X,F•)
id−FF−−−−→ S−1RΓc(X,F•)]−1
in K1(S−1Λ).
Proof. We use Proposition 5.2.5 to identify the category of strictly per-
fect complexes SP(Λ) with a subcategory of PDGcont(Λ). According to Lem-
ma 3.3.2.(3), there exists an endomorphism
f : P • → P •
in SP(Λ) and a quasi-isomorphism
q : P • → RΓc(X,F•)
in PDGcont(Λ) such that q ◦ f and FF ◦ q are homotopic. Hence, the square








id−FFT // ΨΛ[[T ]](RΓc(X,F•))
is also commutative up to homotopy.
The exact sequence
RΓc(X,−) // // RΓc(X,−)
id−FF// // RΓc(X,−)
from Proposition 6.1.2 and the acyclicity of S−1RΓc(X,F•) imply that id−FF is a
quasi-isomorphism in P(S−1Λ). The same is then also true for id− f . Hence,
S̃−1(Λ[T ])⊗Λ P •
id−fT−−−−→ S̃−1(Λ[T ])⊗Λ P •
is a quasi-isomorphism in SP(S̃−1(Λ[T ])).
Indeed, let
M = Hn(Cone(id− fT ))
be the highest non-vanishing cohomology module of its cone. Since
Λ[[T ]]⊗S̃−1(Λ[T ]) Cone(id− fT )
is acyclic, we have M/TM = 0. Since we also have M/(T − 1)M = 0 and since
T (T − 1) is in the Jacobson radical of S̃−1(Λ[T ]), we conclude from the Nakayama
lemma that M = 0.
By Lemma 3.1.6 it follows that
[id− fT ]−1 = L(F•, T ) in K1(Λ[[T ]]),
[id− f ]−1 = [id− FF]−1 in K1(S−1Λ).

Remark 6.2.10. Let F•(n) denote the n-th Tate twist of F•. The above result
implies
L(F•, q−n) = L(F•(n), 1)
= [S−1RΓc(X,F•(n))
id−FF−−−−→ S−1RΓc(X,F•(n))]−1
in K1(S−1Λ) if the complex S−1RΓc(X,F•(n)) is acyclic.
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We sketch how we may extend this construction to the general case. Let S be a
left denominator set in an arbitrary adic ring Λ. Consider the Waldhausen category
SP(Λ[T ])S̃ whose set of objects and cofibrations agree with SP(Λ[T ]) and whose
weak equivalences are given by those morphisms whose images under the functors
SP(Λ[T ])→ SP(Λ[[T ]]), P • 7→ Λ[[T ]]⊗Λ[T ] P •,
SP(Λ[T ])→ SP(S−1Λ), P • 7→ S−1Λ⊗Λ (P/(T − 1)P )•,
in both SP(Λ[[T ]]) and in SP(S−1Λ) are quasi-isomorphisms.
If S−1RΓc(X,F•) is acyclic, we construct as above a class
[Λ[T ]⊗Λ P •
1−fT−−−−→ Λ[T ]⊗Λ P •] ∈ K1(SP(Λ[T ])S̃)
which maps to L(F •, T )−1 in K1(Λ[[T ]]) and to
[S−1RΓc(X,F•)
id−FF−−−−→ S−1RΓc(X,F•)]
in K1(S−1Λ). However, it is no longer clear that this class is uniquely defined by
this property, since the map
K1(SP(Λ[T ])S̃)→ K1(Λ[[T ]])
might not be injective.




f(T ) ∈ Λ[T ] | f(0) ∈ Λ×, f(1) ∈ S−1Λ×
}
.
If Λ is commutative, the S̃ is a denominator set and the results in [WY92] imply
Ki(SP(Λ[T ])S̃) ∼= Ki(S̃
−1(Λ[T ]))
for i > 0.
Unfortunately, S̃ is not a left denominator set in general. One may take the
formal power series ring Λ = Z` << X,Y >> in two noncommuting indeterminates
to construct a counterexample.
For the moment, we take this line of thought simply as a motivation for the
following definition.
Definition 6.2.11. Let Λ be any adic ring such that the characteristic of F
is invertible in Λ. If S ⊂ Λ is a left denominator set and if F• is a complex in
PDGcont(X,Λ) such that S−1RΓc(X,F•) is acyclic, we set
L(F•, 1) = [S−1RΓc(X,F•)
id−FF−−−−→ S−1RΓc(X,F•)]−1 ∈ K1(S−1Λ).
6.3. The Conjecture of Fukaya and Kato
Let F be a finite field of characteristic p, X be a separated scheme in SchF
and Λ, Λ′ be adic rings in which the characteristic of F is invertible. As in De-
finition 5.5.1, we let Λop-SP(Λ′) denote the Waldhausen category of complexes of
Λ′-Λ-bimodules which are strictly perfect as left Λ′-modules. In Definition 5.5.6 we
constructed canonical quasi-isomorphisms
t : ΨM (RΓc(X,−))
∼−→ RΓc(X,ΨM (−))
t : ΨM (RΓc(X,−))
∼−→ RΓc(X,ΨM (−))
for each complex M• in Λop-SP(Λ′). Moreover, if f : X → Y is a morphism of
separated schemes in SchF, we obtained in Example 5.4.14 a canonical chain of
quasi-isomorphisms
c : RΓc(X,−) ∼ RΓc(Y,Rf!(−)),
c : RΓc(X,−) ∼ RΓc(Y ,Rf!(−)).
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Recall that we constructed in Definition 2.4.3 and Theorem 2.4.7 a stable qua-
dratic module Hom∗(D∗PDG







Recall also that the group Hom1(D∗PDG
cont(X,Λ),D∗PDGcont(Λ)) of zero homo-
topies is given by the group homomorphisms
D0PDGcont(X,Λ)→ D1PDGcont(Λ).
Definition 6.3.1. Let F be a finite field of characteristic p. For each separable
scheme X in SchF and every adic ring Λ with p ∈ Λ× we let
zX,Λ = D(RΓc(X,−)  RΓc(X,−)  RΓc(X,−))
∈ Hom1(D∗PDG
cont(X,Λ),D∗PDGcont(Λ))
denote the homotopy of stable quadratic modules induced by the cofibre sequence
constructed in Proposition 6.1.2. If S ⊂ Λ is a left denominator set, we write
zX,S−1Λ = D(S−1RΓc(X,−)  S−1RΓc(X,−)  S−1RΓc(X,−))
∈ Hom1(D∗PDG
cont(X,Λ),D∗P(S−1Λ))
for the homotopy induced by zX,Λ.
By definition, the homotopy zX,Λ satisfies
∂zX,Λ = D(RΓc(X,−)).
Recall that this is equivalent to saying that
(1) for each complex F• in PDGcont(X,Λ),
∂zX,Λ(F•) = [RΓc(X,F•)];
(2) for each quasi-isomorphism f : F• ∼−→ G•,
zX,Λ(F•) = zX,Λ(G•)[RΓc(X, f)];
(3) for each exact sequence F•  G•  H•,
zX,Λ(H•)zX,Λ(F•) = zX,Λ(G•)[RΓc(X,F•)  RΓc(X,G•)  RΓc(X,H•)]
in D∗(PDGcont(Λ)), see 2.4.3. In terms of the associated Picard category
P = P(D∗(PDGcont(Λ)))
this means that
(1) for each complex F• in PDGcont(X,Λ),
zX,Λ(F) ∈ HomP([RΓc(X,F•)], [0]);
(2) for each quasi-isomorphism f : F• ∼−→ G•, composition with the canonical
isomorphism
[RΓc(X, f)] : [RΓc(X,F•)]→ [RΓc(X,G•)]
sends zX,Λ(G•) to zX,Λ(F•);
(3) for each exact sequence ∆: F•  G•  H•, composition with the canon-
ical isomorphism
[RΓc(X,∆)] : [RΓc(X,H•)]⊗ [RΓc(X,F•)]→ [RΓc(X,G•)]
sends zX,Λ(G•) to zX,Λ(H•)⊗ zX,Λ(F •),
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see Theorem 2.3.4. Relations of this kind are also expected to be satisfied by
K. Kato’s and T. Fukaya’s zeta isomorphism in their central Conjecture 2.3.2 in
[FK06], which shows that this isomorphism may indeed be interpreted as a homo-
topy.
The following theorem gives the relation to the special values of the L-function.
Theorem 6.3.2. Let Λ be any adic ring such that the characteristic of F is
invertible in Λ. Assume that S ⊂ Λ is a left denominator set and that F• is a
complex in PDGcont(X,Λ) such that S−1RΓc(X,F•) is acyclic. Then
L(F•, 1) = zX,S−1Λ(F•)[S−1RΓc(X,F•)
∼−→ 0]−1











0 // // S−1RΓc(X,F•)
= // // S−1RΓc(X,F•)
and (R5) of Definition 2.2.1. 
We will now formulate and prove the analogue of T. Fukaya’s and K. Kato’s
central conjecture for varieties over finite fields, i. e. Theorem 3 of the introduction.
Theorem 6.3.3. Let F be a finite field of characteristic p. The family of homo-
topies zX,Λ, with X running through all separated schemes in SchF and Λ running
through all adic rings in which p is invertible, is uniquely determined by the follow-
ing properties:
(1) ∂zX,Λ = D(RΓc(X,−))
(2) If Λ′ is another adic ring with p ∈ Λ′× and if M• is in Λop-SP(Λ′), then
D(ΨM ) ◦ zX,Λ = (zX,Λ′ ◦ D(ΨM ))D(t)
in Hom1(D∗PDG
cont(X,Λ),D∗PDGcont(Λ′)).
(3) If f : X → Y is a morphism of separated schemes in SchF, then
zX,Λ = (zY,Λ ◦ D(Rf!))D(c)
in Hom1(D∗PDG
cont(X,Λ),D∗PDGcont(Λ)).
(4) Consider a prime ` 6= p and let O be a commutative discrete valuation ring
which is a finite extension of Z`. Let S ⊂ O be the set of nonzero divisors.
Let F be a sheaf in PDGcont(Spec F,O) such that S−1RΓc(Spec F,F) is
acyclic. Then
zSpec F,S−1O(F)[S−1RΓc(Spec F,F)
∼−→ 0]−1 = L(F , 1) ∈ K1(S−1O).
Proof. Clearly, zX,Λ has the properties (1)–(4). Assume z′X,Λ is another sys-
tem with these properties. Then (1) implies that (z′X,Λ)
−1zX,Λ is a group homo-
morphism
aX,Λ : K0 PDGcont(X,Λ)→ K1(Λ).
We must show that aX,Λ = 1. By (3) we may assume that X = Spec F. According




Hence, we may use (2) to reduce to the case that Λ is a finite ring. By Proposi-
tion 5.1.7 we can write Λ as a finite direct product of its `-torsion subring for ` 6= p.
Using (2) again, we may assume that Λ is a Z`-algebra of finite order for a fixed
prime `.
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The categories PDGcont(Spec F,Λ) and PDG(Spec F,Λ) are equivalent accord-
ing to Remark 5.4.8. Moreover, every complex in PDG(Spec F,Λ) is by definition
quasi-isomorphic to a strictly perfect complex. Note further that any such complex
F• is automatically a complex of locally constant sheaves.
Let F(ζ`∞)/F be the field extension of F by all `-power roots of unity. Then
Gal(F(ζ`∞)/F) ∼= Z`.
We may apply Theorem 5.6.5 to find a finite field extension k of the field F(ζ∞` )
and a complex M• in Z`[[Gal(k/F)]]op-SP(Λ) such that
F• = ΨM (Z`[[Gal(k/F)]]]Spec F).
An application of (2) shows that it would suffice to prove
aSpec F,Z`[[Gal(k/F)]](Z`[[Gal(k/F)]]
]
Spec F) = 1.
However, the cohomology modules of the image of RΓc(Spec F,Z`[[Gal(k/F)]]]Spec F)
under the natural projection to PDGcont(Z`) are not torsion. Therefore, we will
replace the sheaf Z`[Gal(k/F)]]Spec F by a Tate twist of the sheaf.
We denote be f the image of FF in Z`[[Gal(k/F)]]. Let P be the Z`[[Gal(k/F)]]-
Z`[[Gal(k/F)]]-bimodule which is isomorphic to Z`[[Gal(k/F)]] as a left module over
Z`[[Gal(k/F)]] and on which f acts by q`
−1
f from the right. Then
ΨP : PDGcont(Spec F,Z`[[Gal(k/F)]])→ PDGcont(Spec F,Z`[[Gal(k/F)]])
is an auto-equivalence of categories. An inverse is given by ΨP ′ where P ′ is the
Z`[[Gal(k/F)]]-Z`[[Gal(k/F)]]-bimodule which is isomorphic to Z`[[Gal(k/F)]] as
left Z`[[Gal(k/F)]]-module and on which f acts by q`f from the right. The sheaf
ΨP (Z`[[Gal(k/F)]]]Spec F) then corresponds to the continuous representation
α : Gal(F/F)→ Z`[[Gal(k/F)]]×, FF 7→ q`f−1.
Let F′ ⊂ k be any finite field extension of F and write
Z`[Gal(F′/F)]]Spec F(1) = ΨZ`[Gal(F′/F)]ΨP (Z`[[Gal(k/F)]]
]
SpecF ).
By another application of (2), it suffices to prove
aSpec F,Z`[Gal(F′/F)](Z`[Gal(F






Spec F(1)) = 0
since no element of Z`[Gal(F′/F)] is invariant under the representation induced
by α. Indeed, for a sufficiently large number k, the image of FkF in Gal(F′/F) is
trivial. Hence, it acts by q`
−k
on the Gal(F,F)-module corresponding to the sheaf
Z`[Gal(F′/F)]]Spec F(1).
Write S ⊂ Z`[Gal(F′/F)] for the denominator set of nonzero divisors. Then





is a finite product of finite field extensions Lχ of Q` corresponding to the characters
χ of the finite group Gal(F′/F). In particular, every finitely generated module over
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in K0(Q`[Gal(F′/F)]). Since
[RΓc(Spec F,Z`[Gal(F′/F)]]Spec F(1))] = 0





Spec F(1)) = 0.
Hence, the complex RΓc(Spec F,Z`[Gal(F′/F)]]Spec F(1)) is an object in the category
PDGcont(Z`[Gal(F′/F)], S). From (4) we conclude that the image of the element
aSpecF,Z`[Gal(F′/F)](Z`[Gal(F
′/F)]]Spec F(1)) in K1(Lχ) is 1. Since the homomorphism





is injective, we have proved that
aSpecF,Z`[Gal(F′/F)](Z`[Gal(F
′/F)]]Spec F(1)) = 1,
as desired. 
6.4. Values of L-Functions
In [BN78], Theorem 3.1, P. Báyer and J. Neukirch deduced a formula for
the numerical values of the L-functions at T = 1 in the classical situation, i. e.
for Λ = Z` with ` different from the characteristic of F. In this section, we will
formulate a noncommutative generalisation of this result in the spirit of [BF01],
as announced in Theorem 5 of the introduction.
Recall from Section 5.3 that we have a localisation sequence
· · · → K1(PDGcont(Λ))→ K1(P(S−1Λ))
d−→ K0(PDGcont(Λ, S))→ · · ·
for any left denominator set S ⊂ Λ.
Theorem 6.4.1. Let Λ be any adic ring such that the characteristic of F is
invertible in Λ. Assume that S ⊂ Λ is a left denominator set and that F• is a
complex in PDGcont(X,Λ) such that S−1RΓc(X,F•) is acyclic. Then
dL(F•, 1) = [RΓc(X,F•)]−1 ∈ K0(PDGcont(Λ, S)).
Proof. According to Theorem 6.3.2, we have
L(F•, 1) = zX,S−1Λ(F•)[S−1RΓc(X,F•)
∼−→ 0]−1
By Proposition 5.3.6 and Lemma 5.3.5 we have
d[S−1RΓc(X,F•)
∼−→ 0]zX,S−1Λ(F•)−1 = [RΓc(X,F•)].

Below, we will explain how this formula relates to the result stated in Theo-
rem 1 of the introduction. Let S be the denominator set of nonzero divisors of
Z`, i. e. the localisation at S is the quotient field Q`. We identify K1(Q`) via the
determinant map with the group of units Q×` . In particular, if F• is a complex in
PDGcont(X,Z`) such that S−1RΓc(X,F•) is acyclic, we may view L(F•, 1) as an
element of Q×` .
Furthermore, for any complex
M• = (M•I )I∈IZ`
in PDGcont(Z`, S), the modules
lim←−
I∈IZ`
Hn(MI) ∼= Hn( lim←−
I∈IZ`
MI)
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for the alternating product of their orders. This induces an isomorphism
χ : K0(PDGcont(Z`, S))→ `Z
such that the following diagram commutes:











0 // Z×` // Q
×
`
x 7→|x|` // `Z // 0
Corollary 6.4.2 (Báyer, Neukirch). Assume that ` is a prime distinct from
the characteristic of the finite field F. Consider a separated scheme X in SchF. Let
S ⊂ Z` be the set of nonzero divisors and let F• be a complex in PDGcont(X,Z`)
such that S−1RΓc(X,F•) is acyclic. Then
|L(F•, 1)|` = χ(RΓc(X,F
•))−1.
Proof. This is the translation of Theorem 6.4.1 under the above identifica-
tions. 
Theorem 1 follows for F• = Z`(k) from this corollary and Remark 6.2.10.
If X is smooth and proper, Deligne’s result on the Riemann hypothesis implies
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[Con84] D. Conduché, Modules croisés généralisés de longueur 2, J. Pure Appl. Algebra 34
(1984), no. 2-3, 155–178.
[Del74] P. Deligne, La conjecture de Weil. I, Inst. Hautes Études Sci. Publ. Math. (1974),
no. 43, 273–307.
[Del77] , Cohomologie étale (SGA 4 1
2




[Del80] , La conjecture de Weil. II, Inst. Hautes Études Sci. Publ. Math. (1980), no. 52,
137–252.
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